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Cacti with a Given Spectral Property

M. Petrovi¢, Z. Radosavljeve, M. RaSajski

Abstract: A connected grapl® is a cactus if any two of its cycles have at most one com-
mon vertex. This article is a survey of results concernirgicgith a given spectral property,
categorized as follows: (1) extremal cacti, (2) reflexivetca
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1 Introduction

LetG = (V(G),E(G)) be a simple graph with vertices and\(G) be the(0,1)-adjacency
matrix of G. SinceA(G) is symmetric, its eigenvalues are real. Without loss of gaitg
we can write them in non-increasing order&ag$G) > A2(G) > --- > Ay(G) and call them
the eigenvalues db. The characteristic polynomid@(G, A ) of G is defined asb(G,A) =
det Al —A(G)). The family of eigenvalues of a grafghmakes up its spectrum. Denote by
p(G) the largest eigenvalue & and byA (G) the least eigenvalue @&.

If H is a spanning subgraph &f we shall writeH C G; in particular if it is a proper
spanning subgraph, we then writeC G.

Lemma 1 ([6], p- 19) Let G be a connected graph. If H is connected and I&, then
p(H) < p(G).

Lemma 2 ([6], p. 19) Let A1 > A, > --- > A, be the eigenvalues of a graph G and
U > U > --- > Um the eigenvalues of an induced subgraph H. Then the ineasalit

Aemii <M <A (i=1,...,m)
hold.

ForveV(G), let G—v be the graph that arises fro@ by deleting the vertex. The
following result is often used to calculate the charactierizolynomials of graphs.
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Lemma 3 ([24]) Let v be a vertex of G an@’(v) be the set of all cycles of G that
contain v. Then

D(G,A) = AD(G—VA) z O(G—u—Vv,A)—
uvekE(G)
2 5 ®G-V(2).A),
Ze% (v)

where G-V(Z) is the graph obtained by removing all the vertices belongng, from G.

In this paper we study cacti with a given spectral propertycofinected grapks is a
cactusif any two of its cycles have at most one common vertex. Ifatles of the cactu&
have exactly one common vertex, say then it is called dundle The vertexvg is called
the central vertexof the bundle.

2 Extremal cacti

The investigation of graphs with maximal or minimal indexarg the connected graphs
of some classes of graphs is an important topic in the thebgyaph spectra. The same
holds for the case of maximal or minimal least eigenvalueehSyraphs are callegiktremal
graphs

The problem of determining extremal graphs was proposeddhgiZ and Sinogovitz
[4] following their investigation of indices of trees. Lasaand Pelikan [10] proved that
among trees witm vertices the staK; ,_; has the largest index/n — 1) and the path has
the smallest index (2cqg).

In this section we consider the problem of determining emttegraphs in the set of
cacti.

Let C(n) be the set of all cacti witim vertices that contain cycles. Denote G{n, k)
the set of all cacti witm vertices andk cycles and byB(n, k) the set of all bundles with
vertices andk cycles. LetG(Cy,...,Ci;r) (k> 1,r > 0) be the graph depicted in Fig. 1,
and letS(n, k) be the set of bundles B(n, k) of the formG(Cy,...,C;r).

Let B*(n,k) be the set of bundles if(n,k) for which the length of the longest cycle
is less than or equal to 4. Also, lebe the maximal number of cycles of length 4; it is
easy to see thdat= min{k,n— (2k+1)}. Denote byBxs = B(k—s,s;n— (2k+s+1))
(s=0,1,...,t) the graph inB*(n,k) which containsk — s cycles of length 3s cycles of
length 4 andch— (2k+ s+ 1) attached vertices of degree one/@fFig. 2). ThenB*(n,k) =
{Bxo,---,Bkit}-

Table 1 contains the list of all bundles Bi(n,k) (3<n<7,1<k< 1(n—1)). For
each bundle the least eigenvalue is given in this table &egg] and [7]).
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n—(2k+s+1)

Fig. 2. The bundléy ¢

2.1 Cacti with maximal index

First, we consider the maximal index problem in the set ofichet B* have the maximal
index inC(n,k) (k>1,n> 2k+1). The procedure of determining the graghis described
in [1] and it consists of three steps.

In the first step it is proved that any two cycles of the gr&jthave a common vertex
and any three cycles of the graph have exactly one common vertex. Now, we conclude
that all cycles of the grapB* have exactly one common vertey i.e. they form a bundle.

In the second step it is proved thgitis a bundle with unique tree attached to the vertex
Vo, and this tree contains only vertices at distance one frgnit follows thatB* € S(n, k).

Finally, it is proved that all cycles @&* have length three, i.8* = B(k,0,n— (2k+1)).

Letm= Ln;zlj. So, the following theorem holds.

Theorem 1 ([1]) The graph Bk,0,n— (2k+ 1)) is the unique graph with maximal
index in the set of all cacti with n vertices and k cyclés{(k < m).
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n | k | The graph| The least eigenvalue
31| B(1,0,0) -1,00000
41| B(1,0,1) -1,48119
B(0,1,0) -2,00000
5(1]| B(1,0,2) -1,81361
B(0,1,1) -2,13578
2 | B(2,0,0) -1,56155
61| B(1,0,3) -2,08613
B(0,1,2) -2,28825
2| B(2,0,1) -1,90321
B(1,1,0) -2,19117
71| B(1,0,4) -2,32340
B(0,1,3) -2,44949
2 | B(2,0,2) -2,17741
B(1,1,1) -2,35269
B(0,2,0) -2,44949
3| B(3,0,0) -2,00000

Table 1. The bundleB*(n,k) (3<n<7, 1<k< 3(n—1))

Theorem 2 ([1]) The graph Bm,0,n— (2m+ 1)) is the unique graph with maximal
index in the set &) (n > 3).

Proof. Let B* have the maximal index i@(n) (n > 3). By Theorem 1 we may assume
that
m
B* € | JB(k,0,n— (2k+1)).
k=1
It is obvious that

B(1,0,n—3) ¢ B(2,0,n—5) C --- C B(M,0,n— (2m+1)).
By Lemma 1 we have
p(B(1,0,n-3)) < p(B(2,0,n—5)) < --- < p(B(M,0,n— (2m+1))).

So, we obtain that the graf®(m,0,n— (2m+ 1)) depicted in Fig. 2, is the graph with
maximal index in the seZ(n) of all cacti withn vertices. This completes the prodf.

In the paper [8] the maximal index problem in the set of cadthwwerfect matchings
is considered. Recall, gerfect matchingf G is a set of mutually independent edges that
cover every vertex o6.

Denote byC;(2n,k) the set of all cacti on2vertices andk cycles, having a perfect
matching. Also, denote b@y the bundle irB(2n,k) that containgk cycles of length 3 and
a pendant edge together with- k— 1 hanging paths of length two attachedgdFig. 3).
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-
n—k—1
Fig. 3. The bundl&s,,

Theorem 3 ([8],[3]) Let Ge Cy(2n,k). If n >4 and k> 1 then

P(G) < p(Gnk),
with equality if and only if G= Gp.

For k = 0 the corresponding class is the set of all trees. This casevisred by the
following result from literature.

Theorem 4 ([2],[27]) Let T be atree ing2n,0). Thenp(T) < p(Gno) and the equal-
ity holds if and only if T= Gy .

Finally, observe that
GnoCGh1C---CGpp-1

and by Lemma 1 we have

P(Gno) < P(Gn1) < -+ < P(Gnp-1)-
So, we also have

Theorem 5 The graph G,_1 has maximal index in the set of all cacti @n vertices
having perfect matchings.

2.2 Cacti with minimal least eigenvalue

Now, we consider the minimal least eigenvalue problem irsttef cacti. LeB** have the
minimal least eigenvalue i@(n,k) (k> 1,n> 2k+1).

LetX = (X1,X2, ..., %) be a column vector ilR", andG a graph on verticeg, Vv, ... . , Vn.
ThenX can be considered as a function defined on the vertex §&ttbat is, for any vertex
Vi, we map it tox, = X(v;), sometimes writterx,. We say thak; is the value on the vertex
v; given byX. The following theorem has an important role in determirtimg graphB**.
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Theorem 6 ([15]) Let B be a bundle of the form G4,...,Ci;r) (k> 1, r > 0) (Fig.
1). If the least eigenvalud (B) < —2, then for any eigenvector X df(B) the relation
Xy, = Xo # O/is satisfied. Also, for any cycle€vpv; ...Vi_1Vp of B the following properties
hold, with s= | 5 |:

Xi=X_-i (i=212,...,1-1) @
[Xo| > [Xa| >+ > |Xs-1| > [Xs| >0 (2)
Xi—1X% <0 (i=1,...,9). 3

The procedure of determining the graphi is described in [15] and it consists of three
steps.

In the first step it is proved that for any graghe C(n,k)\S(n,k) there is a graph
B € S(n,k) such thatA (B) < A (G) andG, B have the same cycle lengths. Now, without loss
of generality, we may assume tHit' € S(n,k) (k> 1,r > 0).

Denote byc(G) the circumferenceof G, i.e. the length of the longest cycle & In
the second step it is proved thelB*) < 4, i.e. B™ € B*(n,k). Precisely, the following
theorem holds.

Theorem 7 ([15]) If B** has the minimal least eigenvalue itrf¢k) (k> 1, n> 2k+1),
then B* € B*(n,k).

At the end, in the third step, the following theorem is praved

Theorem 8 ([15]) Let B** have the minimal least eigenvalue ifrCk) (k> 1, n>
2k+ 1) and t=min{k,n— (2k+1)}. Also, let p(k) =12for 1 <k < 2, no(k) = 13 for
3<k<4and (k) =14for5<k<6.

1°91fk < 6 and n< ng(K), then B* = B(k—t,t,n— (2k+t +1)).

20 Ifk < 6and n> ng(k) or k > 7, then B* = B(k,0,n— (2k+1)).

Theorem 9 ([15]) Let B** have the minimal least eigenvalue ir¢ (n > 3).
1°1f n =3 0orn> 12 then B* = B(1,0,n— 3).
2If4<n<60r8<n<11 then B* =B(0,1,n—4).

3%1fn =7, then B* = B(0,1,3) or B** = B(0,2,0).

Proof. Let B have the minimal least eigenvalue@fn) (n > 3). Also, letm= L%(n—
1)] andl = [3(n—1)]. Then

m

C(n) = [ JC(n,k)

k=1
and by Theorem 7 we may assume that

m
B™ e | B*(n,k),
k=1

whereB*(n,k) = {Bxo,...,Bxt}-
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If n <7, the results follow from the Table 1.

Now, letn > 8. Then, there is a bundR € B*(n,k) such that3(0,2,1) is an induced
subgraph oB. By Lemma 2 we conclude thatB**) < A(B) < A(B(0,2,1)) = —2,58874.

By applying Lemma 3 to the vertex of B, s we obtain

D(Bys,A) = A2 — )RS L )R S(A2 - 2)51Q(k, 5, M),
where
Qk,sA) = AP—A*—(n—s+ A3+ (n—2k+5+1)A2
+ (2n—6s—2)A —2(n—2k—s—1). 4)
From (4) we get
Q(k,sA)—Q(k+1,5A)=2(A2-2)>0
and we conclude that the inequalities
A(B1o) <A(B2o) <+ <A(Bmpo)

hold.
Analogously, from (4) we obtain

Q(k,sA)—Q(k+1,5+1,A)=(A—1)(6—A%) >0.

Now, if 2 < k < thent = k and we see that the inequalities

A (Bk7k) > A (kal,kfl) > > A (Bl,l) (5)
are satisfied. Also, we conclude that for- | andt > 0 the inequalities
A(Bkt) > A(Bk-1t-1) > -+ > A(Bk-t0) > A(B1o) (6)

hold.
Finally, from (5) and (6) we have th&" € B*(n,1). In conjunction with Theorem 8
this result completes the proafi

2.3 Cacti with maximal spread

Recall that thespectral spread s(65) of a graphG of ordern is equal toA1(G) — An(G);
sosp(G) = p(G) — A(G). Based on Theorems 1 and 8 we immediately get the following
result.

Corollary 1 Let p(k) =12for 1 <k < 2, ng(k) = 13for 3 <k <4and rp(k) = 14for
5<k<6. Ifk <6and n> ng(k) or k > 7, then for each Gz C(n, k)
sp(G) <sp(B(k,0,n— (2k+1))
with equality if and only if G= B(k,0,n— (2k+ 1)) (see Fig. 2).
At the end of this section we quote two open problems.
Problem 1. Determine graph(s) with minimal index among all graph€in, k).

Problem 2. Determine graph(s) with maximal least eigenvalue amongralbhs in
C(n,k).
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3 Reflexive cacti

Graphs having\, < 2 are usually called reflexive graphs. In fact, these graphgspond

to sets of vectors in the Lorentz spaRe! having Gram matrix B— A, and consequently
norm 2 and mutual angles 9@nd 120. They are Lorentzian counterparts of some graphs
that occur in the theory of reflexion groups and they havectlapplication to the construc-
tion and classification of such groups [14]. Graphs haviagc 2 < A1 are also known as
hyperbolic graphs.

Since the property\; < 2 is clearly a hereditary one, any search for reflexive graphs
(within a prescribed class of graphs) is naturally aimedratifig maximal connected re-
flexive graphs. The crucial role in those investigations indescribing of such maximal
graphs play well known Smith graphs ([25], [6] p. 79), theyoobnnected graphs having
the indexA; = 2 (Fig. 4).

Fig. 4. Smith graphs

The first two Smith graphs (cyclé€%, and double-head snak@g,) can have arbitrary
number of vertices; the last one (the skars) is actuallyWs, but it is often convenient to
consider it as a separate case.

In what follows, when saying "subgraph” we mean induced sag of a graph. Then,
Gis a supergraph dfl if H is a subgraph of.

3.1 Some general results. Trees

Reflexive trees were investigated in [11], while [13] consasome more general results
concerning the second largest eigenvalue of a tree thaticectlg be applied to a given
A2. Following the terminology and designations of this papeuk consider a graph of the
shape displayed in Fig. 5 and let it be denoted 8y, X1, X2, G2). (This means thab; and
G are two disjoint graphss; € G, X2 € Gy and the whole graph is obtained by adding a
single edge between the vertiogsandxs.)

We will call a graphG A -critical at vertexx if A1(G—Xx) < A < A1(G). A graph
(G1,X1,X2,G2) will be called aA-twin if Gj is A -critical atx;, i = 1,2. Also, let us call
a treeT A-trivial if there is a vertexx € T such thatA1(T —x) < A, which means that the
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Fig. 5.

largest eigenvalue of no componentTof- x exceeds\. A subtreeT; of a treeT is called
extremal if, for some vertex< T, Ty is a component of — x.

Lemma 4 ([13]) If atree T withA2(T) < A contains extremal subtrees with eigenvalue
A, then T isA-trivial.

Lemma 5 ([13]) Atree T withAx(T) < A is eitherA-trivial or a A-twin.

Lemma 6 ([13]) Let T be aA-trivial tree and x a vertex of T such thai(T —x) < A.
ThenAz(T) = A if and only if k (k> 2) components of T x have the largest eigenvalue
in this case x is a special vertex of T, ahds an eigenvalue of T of multiplicityk 1.

With one exception all Smith graphs are trees, and by pultiag2 in Lemma 4 and 5,
we immediately get the following consequences.

Corollary 2 If a reflexive tree contains extremal subtrees which aretsirges, then T
is 2-trivial. Also, a reflexive tree is eithét-trivial or a 2-twin.

Clearly, a treel cannot be 2-trivial and a 2-twin at the same time and alszan be
represented in at most one way as a 2-twin, and these fadddrarbitraryA, too.

The next theorem was crucial in directing further invedtagas towards finding various
classes of maximal reflexive graphs.

Let us call a connected graph positive, null or negative déjpg on whether its index
is greater than, equal to or less than 2, respectively (ibether it is a proper supergraph of
a Smith graph, a Smith graph or a proper subgraph of a Smighjra

Theorem 10 ([22], [16]) Let G be a graph with a cut-vertex v. Then we havg:if
at least one component of -Gv is positive and at least one more is non-negative, then
A2(G) > 2; 2) if at least two components of Gv are null and all other are non-positive,
A2(G) = 2; 3) if at most one component of-&v is null and any other is negativay (G) < 2.

This theorem evidently points at cacti as a convenient aéggaphs for the search
for maximal reflexive graphs but, on the other hand, it hasnmswar what happens if one
component is positive while all others are negative. Thathy just such cases are the
subject of further consideration.
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3.2 Bicyclic graphs with a bridge. Pouring of Smith trees

An early result on maximal reflexive graphs is the case ofdlicygraphs whose two cycles
are joined by a single edge - the bridge. Let the graph of Fige Such thaG; and G,
are unicyclic graphs and le andx, belong to the cycles. If a vertexof a cycle is of
degreedegv) > 2, we say thav is loaded, and the same holds faror x; if their degrees
are greater than 3. If e.@5; has no loaded vertices, by applying Theorem 10 to the vertex
X2 we can easily establish whether the graph is reflexive. Bty we assume that both
sides (5; andGy,) have at least one loaded vertex. On this assumption, alimaxeflexive
graphs of the described shape were found in [22]. Among thespecially interesting case
is that when we assume that the only loaded verticeg,aaadx, (and then we say that the
two cycles are free). To describe this result, we have toagxphe notion of pouring of a
tree (see Fig. 6).

> ]
] [

(a) (b)
Fig. 6.

If we form a treeT by identifying verticesu; andu, (u; = u, = u) of two treesT; and
T,, respectively, we may say that the trfEean be split at its verteninto T, andTy. If we
split a treeT at all its verticequ, in all possible ways, and in each case attach the parts at
splitting verticesu; andu, to some vertices; andv, of a graphG (i.e. identify u; with v;
andu, with v», and vice versa), we say that in the obtained family of grapbgreeT is
pouring between the verticeg andv,. Of course, this description includes also attaching
of the intact tre€l’, at each vertex, tg; andv,.

Theorem 11 ([21], [22]) If G is a bicyclic graph with a bridge between its/cles to
which Theorem 10 cannot be applied and if all vertices of e ¢ycles except@and ¢
are not loaded, then G is reflexive if and only if it is a subdrap some of the graphs of Fig.
7(a) (obtained by pouring of Smith trees between the verticand &), or of the graph of
Fig. 7(b).

Of course S5 andS; are parts (obtained by splitting) of a Smith tree, whichules the
possibility of attaching an intact Smith treeat But a cycle is also a Smith graph, and it
turned out indeed that in such a way we also come to a maxirfiexiree graph.

Theorem 12 ([21], [22]) In the class of reflexive cacti that have a bridigetween some
of its cycles and to which Theorem 10 cannot be applied tiseoaly one family of graphs
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()
Fig. 7.

with more than two cycles; it is the family of tricyclic grapfy of Fig. 8 and these graphs
are maximal within the scope of the described class.

C3

Fig. 8.

3.3 Maximum number of cycles. Replacement

Theorem 10 points out that a reflexive cactus whose cycles tie/common vertex, i.e.
form a bundle, can have an arbitrary number of cycles. To fooknaximal reflexive cacti
in this case is an extremely hard problem. Also, Theorem déxt$i further investigations
to those cacti in which we have one proper supergraph andtet @roper subgraphs of
Smith graphs after the decomposition of the starting grajpterefore, in what follows we
are looking for reflexive cacti on the two assumptions: thai/tare not bundles and that
Theorem 10 cannot answer the question whether they areivefléhe technique applied
to all those investigations is a combination of various &sta of algebraic apparatus of
spectral graph theory (especially [24]). For computatiweaise the expert system GRAPH
and, recently, the newer version newGRAPH [26].

Theorem 13 ([21]) A cactus to which Theorem 10 cannot be applied and wluysles
do not form a bundle has at most five cycles. The only such grajth five cycles, which
are all maximal, are the four families of cacti of Fig. 9.

These four familiesQ1, Q, T1 andT,, are now the starting point for finding maximal
reflexive cacti with less than five cycles (always on the noertil two conditions). That is
why the next theorem is of great importance.
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Theorem 14 ([19]) Suppose that a graph of the form shown in Fig. 10(a) dpitrary
cycle C attached to an arbitrary cactus G at vertex v) is a metireflexive cactus for which
®(2) =0and P(G,2) < 0 and for any extension {Sformed by attaching to G a pendant
edge®(G;,2) — 2d(G; —Vv,2) > 0 holds. If the free cycle C is replaced by an arbitrary
Smith tree (Fig. 10(b)), then the resulting graph is againaximal reflexive cactus.

(@) ®)
Fig. 10.

3.4 Maximal reflexive cacti with less than five cycles

Of course, Theorem 14 itself gives many possibilities ofaeipg free cycles of the families
of graphs in Fig. 9 by Smith trees, giving rise to maximal vafle cacti with less cycles.
But in fact, there are many more possibilities for their ¢ongion. All maximal reflexive
cacti with four cycles (always on the mentioned two condiijphave been found in [20]
and [21], and we can point out here only some interestingspdrthe result. Thus, if we
remove the free cycle & of the graphQ, and if Smith trees pour between andc,, all
such graphs are maximal reflexive cacti. The same happens delete cycle atz of T
and Smith trees pour betweepandcs. However, if we remove one of the two free cycles
atcp of T, again Smith trees pour betweenandc; and these graphs are maximal except
in one case, which gives rise to three new maximal reflexied ¢20], [18]).

Further deletion of cycles from the graphs of Fig. 9 opensipdgies of constructing
tricyclic maximal reflexive cacti. It turned out [12] thatetlstarting cyclic structure (which,
after various ways of extension, will give rise to maximadgins) may suitably be separated
into four families of graphs, displayed in Fig. 11.

It is evident (when compared with the graphs of Fig. 9) thatesa(a), (b) and (c)
actually allow attaching of new free cycles, which then,rinyclic case, can be replaced
by Smith trees, while case (d) allows only attaching of tréxe$23], case (d) is completely
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solved. For cases (a) and (c), so far we have only parts ofdlutian. In case (a), we
obtain a class of maximal reflexive graphs if all possiblegaf Smith trees pour between
cz andcy ([12]). Similarly, in case (c), pairs of Smith trees pounkegnc; andc,, giving
maximal graphs except in two cases ([18]).

Besides the initial case solved in [22], bicyclic reflexiaett have been considered in
[19]. Some of them can be constructed by means of Theoremui4hé most remarkable
case is the following. Let us start from the graph remove all three free cycles at veriex
and let three Smith trees pour betwegrandcs. Then, these graphs are maximal reflexive
cacti except in three cases, each of which then gives risge¢e new maximal cacti ([19]).

Unicyclic reflexive graphs have been treated in [17] and [Bésides one more very
interesting case of pouring of pairs of Smith trees, in [1 s been established the maxi-
mum number of loaded vertices of the cycle in these graphs.

Theorem 15 ([17]) The cycle of a unicyclic reflexive graph has at m@sbaded ver-
tices. This number is attained only if the cycle is octagod &mgives rise to6 maximal
graphs.

Also, the length of the cycle with 7 loaded vertices is at mids{[9]). This paper also
contains all maximal graphs with 7 loaded vertices if thethrof the cycle is 10, 9 and 8.

At the end, let us notice that the role of Smith trees in thestroigtion and description
of maximal reflexive cacti is not at all exhausted by theirqiay The doctoral thesis [23]
contains some other interesting cases of application sktheaphs.
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