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Modification of Euclidian Algorithm for Solving Modular
Equations

I. Z. Milovanovié, C. B. Doli¢anin, M. K. Stojcev, E. I. Milovanovi¢

Abstract: In this paper we propose a modification of extended Euclid’s algorithms with aim to
reduce the number of iteration steps when solving modular equations. Obtained result is used
to solve the system of linear modular equations in one variable (Chinese Remainder Theorem).
The proposed modification is convenient for parallel implementation.
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1 Introduction

The Euclidean algorithm (also called Euclid’s algorithm) is an efficient method for com-
puting the greatest common divisor (GCD) of two integers a and b. It is one of the oldest
numerical algorithms still in common use [1, 2]. The algorithm has many theoretical and
practical applications. It is a key element of the RSA algorithm, a public-key encryption
method widely used in electronic commerce. It is used to solve Diophantine equations,
such as finding numbers that satisfy multiple congruences (Chinese remainder theorem) or
multiplicative inverses of a finite field. It can also be used to construct continued fractions,
in the Sturm chain method for finding real roots of a polynomial, and in several modern
integer factorization algorithms. Finally, it is a basic tool for proving theorems in modern
number theory, such as Lagrange’s four-square theorem and the fundamental theorem of
arithmetic (unique factorization) [3, 4].

In this paper we propose one modification of extended Euclidian algorithm for solving
modular equations and system of modular equations. The modification is based on the
usage of residue or residue complement, where appropriate, which can reduce the number
of iteration steps substantially.
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2 Solving of modular equations
Let us consider a modular equation in one variable
ax = c¢(modb) (D

where a,b and c are integers so that GCD(a, b) divides ¢, denoted as GCD(a, b)|c. Suppose
Xp is an arbitrary particular solution of equation(1). Then general solution is of the form

C b-t
Xo+ te”z.

¥~ GCD(a,b)"° " GCD(a,b)’

This means that to solve the equation (1) it is necessary to know Xy and GCD(a,b). These
are usually determined by the extended Euclidian algorithm (see [2, 3, 5, 6]).

Algorithm_1 (Extended Euclidian)

rl =a;; r2;:b; itializat
x] = 1’ x2’ _ 0’ mitialization
while (r # 0) do

q:=[3];
ri=rl—qxr2;
rl:=r2; r2:=r;
x:=xl —qgx*x2;
xl:=x2; x2:=x;

GCD :=rl; Xy:=xl;

In order to reduce the number of iteration steps, we propose the following modification
of Algorithm_1

Algorithm_2 (Modified extended Euclidian)

rl:=a;; r2:=b;
xli=1; x2,=0; initialization
rr:=a mod b; rs:=b—rr;

/* 11 is residuo; rs is residuo complement */

while (rr Ars #0) do
if (rr < rs) then
{q:=130;
rri=rl—qgxr2;
rl:=r2; r2:=rr;
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x:=xl —qgxx2;
xl:=x2; x2:=x;}
else

{a:=T1315

rs:=rl —qgxr2;
rl:=r2; r2:=rs;
x:=qg*xx2—xl;
xl:=x2; x2:=x;}
GCD :=rl; XO0:=xI;

43

For the sake of illustration of running Algorithm_1 and 2, we will take the following

equation
233x =7(mod 144) ()
Table 1 outlines execution steps when Algorithm_1 and Algorithm_2 are used.
Table 1.
Algorithm_1 Algorithm_2

step q rt r r X1 X2 X q ri r r X1 X2 X
1 11233 144189 | 1 0 1 21233 144 | 55 1 0 -1
2 |1]144 89 55| O 1 -1 3144 55 (21| 0 -1 -3
3 1118 55 34| 1 -1 2 |35 21 8 | -1 -3 -8
4 |15 34 |21 -1 2 313 21 8 3 13 8] -21
S (1134 21 (13| 2 3 5 3|1 8 3 1 -8 21| -55
6 (1|21 13 |8 | -3 5 8 13| 3 1 0 |-21 -551]-309
7 |1] 13 8 5 5 -8 | 13 1 -55 &9

8 | 1] 8 5 31 -8 13 ]-21 GD(C(233,144) =1 Xo=-55

9 | 1] 5 3 2 |13 21| 34

10 | 1] 3 2 1 |-21 34| -55

11 |2 2 1 0 | 34 -55/|149

12 1 0 -55 89

GDC(233,144) =1 Xo=-55

As can be seen from Table 1, Algorithm_1 requires 12 computational steps, while
Algorithm_2 requires 7 steps. Algorithm_2 uses one additional testing at the beginning of
the loop. All other computational steps in the loop body of both algorithms are of identical
complexity. This obviously justifies the usage of the involved modification.

In the sequel we will show how Algorithm_2 can be used for solving the system of

modular equations in one variable based on Chinese remainder theorem.

Consider the following system of modular equations

X =

X =

c1(modby)
Cz(modbz)

3)
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x = cx(modby)

where b; and c; are integers, and b;, i = 1,2, ..., n are pairwise relatively prime. If we denote
by x;, j=1,2,...,n, solutions of the corresponding modular equations in system (3), i.e.
_biby...by D

= db: G S 4
ajxj =cj(modb;), aj b, bj’ 4)

then a particular solution of system (3) is given by

k
x= (Zajxj> mod b. 5)

j=1

If minimal positive solution of system (3) is required, then in (5) instead of mod a
function Mod defined in [7] should be used.

Finally, let us note that computations defined by (4) have high degree of data parallelism
and can be performed in parallel since the computations of x;, j = 1,2,...,n are completely
independent from each other (see for example [8, 9].
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