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Abstract: Oscillatory attitude motion of gravity-gradient stabilized spacecraft is under
consideration. The spacecraft librational motion is going under the action of the gravi-
tational torque and the other torques of different nature providing disturbing influence
in spacecraft oscillations. The perturbation technique is used for approximate analyt-
ical research of spacecraft oscillations. A special notation of differential equations of
perturbed librational motion for gravity-gradient stabilized spacecraft is derived which
is generalization of familiar equations in canonical variations, to the case when poten-
tial disturbing forces are operative along with non-potential disturbing forces, usable
in a quadratic or cubic approximations. The derived equations proved to be convenient
for the analysis of nonlinear spacecraft oscillations with the use of asymptotic meth-
ods of nonlinear mechanics and allowed to obtain new effects in nonlinear spacecraft
oscillations.
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1 Introduction and preliminaries

The satellite attitude motion in the neighborhood of stable equilibrium due to the
influence of gravity-gradient torque is analyzed. Here and further we call such
equilibrium the equilibrium position of gravitational orientation, and the satellite
performing librational motion in the vicinity of this position as the gravity-oriented
satellite. Satellite librational motion takes place, generally speaking, not only under
the action of the gravitational torque but also under the action of the other torques,
which are of different nature, providing disturbances in the oscillations of gravity-
oriented satellite. The investigation of perturbed oscillations is nonlinear problem
and it is natural to use a perturbation technique for the approximate analytical so-
lution of this problem. However, perturbation techniques usually involves transition
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to new variables, and it is often not easy to construct a transformed system of differ-
ential equations of motion. In some cases, these difficulties can be largely overcome
by using the method of variation for canonical arbitrary constants. This method is
convenient for the construction of differential equations of perturbed motion for me-
chanical systems whose state can be described by canonical equations. For example,
in [1], [2], the method of variation of canonical arbitrary constants combined with
an averaging technique was successfully used for investigation of gravity-oriented
satellite nonlinear oscillations under the action of the gravity-gradient torque, taken
in quadratic approximation.

A special notation is suggested in [3] to write the differential equations of per-
turbed librational motion of gravity-oriented satellite. These equations generalize
the familiar equations used in [1] and [2] to the case when potential disturbing forces
are operative along with nonpotential disturbing forces, usable in a quadratic ap-
proximation. The differential equations derived in [3] proved to be convenient for
their further analysis by means of asymptotic methods of nonlinear mechanics and
allowed to obtain new results.

Thus, in [4] and [5] nonlinear vibrations of a gravity-oriented charged satellite
in a superposition of terrestrial gravitational and magnetic (in the dipole approx-
imation) fields were studied. In this case 22 parametric and 4 internal nonlinear
resonances due to quadratic nonlinear terms were discovered in the region of grav-
itational orientation. With the use of the averaging technique nonlinear vibrations
of a gravity-oriented charged satellite were investigated in the nonresonance case
and in conditions of revealed resonances by constructing the sets of first integrals
with further integration of differential equations and solution interpretation on the
amplitude-phase planes. On the basis of this research a number of new results were
obtained. In particular, the phenomena of “pumping” the energy of the longitudinal
oscillations of a charged satellite into transversal and vice versa were revealed. The
possible stationary modes providing vibrations of a charged satellite with the least
deviation from the gravitational orientation were revealed.

On the basis of the same differential equations derived in [3], but in a more pre-
cise quadrupole approximation of the Earth’s magnetic field (EMF), the nonlinear
vibrations of a gravity-oriented charged satellite in the superposition of the gravi-
tational and magnetic fields were considered in [6]. A number of qualitatively new
effects were found. In particular, it was found that the number of realizable reso-
nances depends on the altitude of the satellite orbit. Such dependence, as follows
from the analysis of [4], does not appear in the dipole approximation of the EMF
and at first was detected while using the quadrupole approximation of the EMF and
taking into account the significant dependence of the EMF magnetic induction on
the daily rotation of the Earth.

Later, on the basis of equations derived in [3], there was developed a general
method for investigating the librational motion of a satellite under the influence of
the perturbing torque of a general form in the class of nonlinear quadratic functions
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with respect to small angles of orientation of a satellite and their time derivatives.
In [7] the spectral structure of this perturbing torque was cleared up, thus allowing
to detect possible parametric and internal resonances. In [8] 63 resonance combi-
nations of the unperturbed natural satellite frequencies there were found realizable
in the domain of gravitational orientation, and the corresponding resonance curves
were constructed in the satellite inertial parameters plane. 520 multiple resonances
within the domain of gravitational orientation of the satellite were also identified
and the corresponding values of inertia parameters were found. In the papers [9]
and [10] the system of differential equations of the satellite perturbed motion was
averaged over explicitly appearing dimensionless time in the nonresonance case and
in the identified resonances. The structure of obtained averaged differential systems
was made clear, the coefficients of the averaged equations as functions of the ini-
tial parameters of the problem were obtained and the unified notation of averaged
differential equations of satellite perturbed motion were obtained for all resonance
cases. The satellite oscillations were investigated in the nonresonance case and in all
possible resonances. The conditions of damped, limited or divergent satellite oscil-
lations were obtained. These results allowed researchers of specific applied problems
in dynamics of gravity-oriented satellites to understand what resonances can occur
in different cases of disturbances in the class of quadratic functions, and what effects
can these resonances cause.

At the same time many examples of well-known problems of nonlinear mechanics
demonstrate the importance of taking into account nonlinear terms of the third order
of smallness. In full measure it is valid with respect to nonlinear vibration problems
in conditions of internal resonances.

2 Main result

In this paper we solve the problem of obtaining such differential equations of per-
turbed librational motion of gravity-oriented satellite, which allows to take into
account not only the influence of quadratic but also cubic nonlinear terms. Re-
taining the notation of papers mentioned above, we write differential equations of
satellite perturbed oscillations in the following form:
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Here i = 1, 2; A, B, C are the satellite principal central moments of inertia; Hamil-
tonian H1 contains the terms of the 3-rd order of smallness, H2 contains the terms of
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are the analogical expressions, containing terms up to the third order of smallness.

The problem of investigation of gravity-oriented satellite oscillations is a nonlin-
ear mechanical problem where the analysis of possible resonance effects is of great
interest [1], [2]. At the same time the equations (1) are convenient both for finding
out resonance cases and for further analytical investigation of satellite resonance
oscillations with the help of asymptotic methods. As is generally known, with the
exception of very degenerate cases, only resonances of the 2-nd, 3-rd and 4-th orders
are the most important [11]. With due account of nonlinear terms of the 3-rd order
of smallness in the problems of satellite attitude dynamics one can reveal internal
resonances of the 4-th order and finish with searching for the most important reso-
nances in the above mentioned sense. For the case when the disturbing torque M⃗B is
absent, the following resonant combinations of the 4-th order for natural frequencies
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of gravity-oriented satellite are obtained:

2k1−2k3 = 0, 3k1−k2 = 0, 2k2−2k3 = 0, k1+k2−2k3 = 0, k1−k2+2k3 = 0. (2)

All of them may realize in the domain where the sufficient conditions B > A > C [2]
for the stability of gravity-gradient satellite equilibrium are valid. At the same time
the fulfilment of sufficient conditions for stability does not guarantee the satellite
oscillation amplitudes staying within the acceptable from a practical point of view
range. Therefore particularly relevant in problems of this kind are the analysis
of resonance effects [2] and the issue of satellite oscillation amplitudes in possible
resonances.

With the use of averaging technique the differential equations of satellite per-
turbed oscillations are analyzed in nonresonance case and for all resonances of grav-
itational nature, including resonances (2). The complete sets of first integrals are
constructed for averaged differential equations in each resonance case. With the use
of these integrals the solutions of differential systems are interpreted in amplitude-
phase planes. It was revealed that the amplitudes of resonance oscillations are
limited. This conclusion was verified numerically. The upper bounds of oscillation
amplitudes for all resonance cases are obtained by computer modeling on the basis
of initial nonlinear differential system.
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