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C-class Functions and Remarks on Fixed Points of Weakly
Compatible Mappings in G-Metric Spaces Satisfying Common

Limit Range Property
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Abstract: In this paper, using the contexts of C-class functions and common limit range prop-
erty, common fixed point result for some operators are obtained.
Keywords: Generalized metric space; Common fixed point; Generalized weakly G-contraction;
Weakly compatible mappings.

1 Introduction and preliminaries

The study of common fixed point theorems satisfying contractive conditions has a wide
range of applications in different areas such as, variational and linear inequality problems,
optimization and parameterize estimation problems and many others. One of the simplest
and most useful results in the fixed point theory is the Banach-Caccioppoli contraction
principle. This theorem provides a technique for solving a variety of applied problems in
mathematical sciences and engineering.

Banach contraction principle has been generalized in different spaces by mathemati-
cians over the years. Mustafa and Sims [18] proposed a new class of generalized metric
spaces, which are called as G-metric spaces. In this type of spaces a non-negative real num-
ber is assigned to every triplet of elements. Many mathematicians studied extensively vari-
ous results on G-metric spaces by using the concept of weak commutativity, compatibility,
non-compatibility and weak compatibility for single valued mappings satisfying different
contractive conditions (cf. [2]-[8], [10]-[12], [15], [17]-[29]).
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Branciari [9] obtained a fixed point result for a single mapping satisfying an analogue
of Banach’s contraction principle for an integral type inequality. This influenced many
authors, and consequently, a number of new results in this line followed (see, for example
[7]). Later on, Aydi [7] proved an integral type fixed point theorem for two self mappings
and extended the results of Brianciari [9] to the class of G-metric spaces. The first fixed
point theorem without any continuity requirement was proved by Abbas and Rhoades [4] in
which they utilized the notion of non-commuting mappings for the existence of fixed points.
Shatanawi et al. [29] proved some interesting fixed point results by using φ-contractive
condition and generalized the results of Abbas and Rhoades [4]. Most recently, Mustafa et
al. [25] defined the notion of the property (E.A) in G-metric space and proved some fixed
point results.

In this paper, firstly we prove an integral type fixed point theorem for a pair of weakly
compatible mappings in G-metric space satisfying the common limit range property which
is initiated by Sintunavarat and Kumam [30]. We extend our main result to two finite
families of self mappings by using the notion of pairwise commuting. We also present some
fixed point results in G-metric spaces satisfying ϕ -contractions. Some related examples are
furnished to support our results.

Now we give preliminaries and basic definitions which are used throughout the paper.

Definition 1 [18] Let X be a nonempty set, and let G : X ×X ×X −→ [0,∞) be a function
satisfying the following axioms:
(G1) G(x,y,z) = 0 if x = y = z;
(G2) 0 < G(x,x,y), for all x,y ∈ X with x ̸= y;
(G3) G(x,x,y)≤ G(x,y,z),for all x,y,z ∈ X with z ̸= y;
(G4) G(x,y,z) = G(x,z,y) = G(y,z,x) = . . . (symmetry in all three variables);
(G5) G(x,y,z)≤ G(x,a,a)+G(a,y,z) for all x,y,z,a ∈ X, (rectangle inequality)
then the function G is called a generalized metric, or, more specifically a G-metric on X
and the pair (X ,G) is called a G-metric space.

It is known that the function G(x,y,z) on a G-metric space X is jointly continuous in all
three of its variables, and G(x,y,z) = 0 if and only if x = y = z; see [18] for more details
and the reference therein.

Definition 2 [18] Let (X ,G) be a G-metric space, and let {xn} be a sequence of points in
X, a point x in X is said to be the limit of the sequence {xn} if limm,n→∞ G(x,xn,xm) = 0,
and one says that sequence {xn} is G-convergent to x.

Thus, if xn → x in a G-metric space (X ,G), then for any ε > 0, there exists N ∈ N
(throughout this paper we mean by N the set of all natural numbers) such that G(x,xn,xm)<
ε , for all n, m ≥ N
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Proposition 1 [18] Let (X ,G) be a G-metric space, then the following are equivalent:
(1) {xn} is G-convergent to x.
(2) G(xn,xn,x)→ 0 as n → ∞.
(3) G(xn,x,x)→ 0 as n → ∞.
(4) G(xn,xm,x)→ 0 as n, m → ∞.

Definition 3 [18] Let (X ,G) be a G-metric space. A sequence {xn} is called G-Cauchy
sequence if, for each ε > 0, there exists N ∈N such that G(xn,xm,xl)< ε for all n,m, l ≥ N;
i.e., if G(xn,xm,xl)→ 0 as n,m, l → ∞.

Definition 4 [18] A G-metric space (X ,G) is said to be G-complete (or a complete G-
metric space) if every G-Cauchy sequence in (X ,G) is G-convergent in X.

Proposition 2 [18] Let (X ,G) be a G-metric space. Then the following are equivalent.
(1) The sequence {xn} is G-Cauchy.
(2) For every ε > 0, there exists k ∈ N such that G(xn,xm,xm)< ε , for all n,m ≥ k.

Proposition 3 [18] Let (X ,G) be a G-metric space. Then the function G(x,y,z) is jointly
continuous in all three of its variables.

Proposition 4 [18] Let (X ,G) be a G-metric space. Then, for all x,y in X it follows that
G(x,y,y)≤ 2G(y,x,x).

Definition 5 [13] Let f and g be self maps of a set X. If w = f x = gx for some x in X, then
x is called a coincidence point of f and g, and w is called point of coincidence of f and g.

Definition 6 [13] Two self mappings f and g on X are said to be weakly compatible if they
commute at coincidence points.

Definition 7 [8] Let X be a G-metric space. Self mappings f and g on X are said to satisfy
the G-(E.A) property if there exists a sequence {xn} in X such that { f xn} and {gxn} are
G-convergent to some t ∈ X.

Definition 8 ([8], [30]) A pair ( f ,g) of self mappings of a G-metric space (X ,G) is said
to satisfy the (CLRg) property if there exists a sequence {xn} such that { f xn} and {gxn}
G-converge to gt for some t ∈ X, that is,

lim
n→∞

G( f xn, f xn,gt) = lim
n→∞

G(gxn,gxn,gt) = 0.

Definition 9 A pair ( f ,g) of self mappings of a G-metric space (X ,G) is said to satisfy the
(LRg) property if there exists a sequence {xn} such that { f xn} and {gxn} G-converge to gt
for some t ∈ f (X)∩g(X), that is,

lim
n→∞

G( f xn, f xn,gt) = lim
n→∞

G(gxn,gxn,gt) = 0.
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Definition 10 Self mappings f and g of a G-metric space (X ,G) are said to be compat-
ible if lim

n→∞
G( f gxn,g f xn,g f xn) = 0 and lim

n→∞
G(g f xn, f gxn, f gxn) = 0, whenever {xn} is a

sequence in X such that lim
n→

f xn = lim
n→∞

gxn = t, for some t ∈ X.

Khan et al. [16] introduced the concept of altering distance function that is a control
function employed to alter the metric distance between two points enabling one to deal with
relatively new classes of fixed point problems. Here, we consider the following notion.

Definition 11 [16] The function ψ : [0,+∞)→ [0,+∞) is called an altering distance func-
tion if the following properties are satisfied:

(1) ψ is continuous and increasing;
(2) ψ(t) = 0 if and only if t = 0.
We denote Ψ set all of altering distance function.

In 2014 the concept of C-class functions (see Definition 12) was introduced by A. H.
Ansari in [1] that is able to notice that can see in numbers (1), (2), (9) and (15) from
Example 1.

Definition 12 A mapping F : [0,∞)2 → R is called C-class function if it is continuous and
satisfies following axioms:

(1) F(s, t)≤ s;
(2) F(s, t) = s implies that either s = 0 or t = 0; for all s, t ∈ [0,∞).

Note for some F we have that F(0,0) = 0.
We denote C-class functions as C .

Example 1 The following functions F : [0,∞)2 →R are elements of C , for all s, t ∈ [0,∞):
(1) F(s, t) = s− t, F(s, t) = s ⇒ t = 0;
(2) F(s, t) = ms, 0<m<1, F(s, t) = s ⇒ s = 0;
(3) F(s, t) = s

(1+t)r ; r ∈ (0,∞), F(s, t) = s ⇒ s = 0 or t = 0;
(4) F(s, t) = log(t +as)/(1+ t), a > 1, F(s, t) = s ⇒ s = 0 or t = 0;
(5) F(s, t) = ln(1+as)/2, a > e, F(s,1) = s ⇒ s = 0;
(6) F(s, t) = (s+ l)(1/(1+t)r)− l, l > 1,r ∈ (0,∞), F(s, t) = s ⇒ t = 0;
(7) F(s, t) = s logt+a a, a > 1, F(s, t) = s ⇒ s = 0 or t = 0;
(8) F(s, t) = s− (1+s

2+s)(
t

1+t ), F(s, t) = s ⇒ t = 0;
(9) F(s, t) = sβ (s), β : [0,∞)→ [0,1), F(s, t) = s ⇒ s = 0;
(10) F(s, t) = s− t

k+t ,F(s, t) = s ⇒ t = 0;
(11) F(s, t) = s−φ(s),F(s, t) = s ⇒ s = 0, here φ : [0,∞) → [0,∞) is a continuous

function such that φ(t) = 0 ⇔ t = 0;
(12) F(s, t) = sh(s, t),F(s, t) = s ⇒ s = 0, here h : [0,∞)× [0,∞)→ [0,∞) is a continu-

ous function such that h(t,s)< 1 for all t,s > 0;
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(13) F(s, t) = s− (2+t
1+t )t, F(s, t) = s ⇒ t = 0.

(14) F(s, t) = n
√

ln(1+ sn), F(s, t) = s ⇒ s = 0.
(15) F(s, t) = ϕ(s),F(s, t) = s ⇒ s = 0, here ϕ : [0,∞)→ [0,∞) is a upper semicontin-

uous function such that ϕ(0) = 0, and ϕ(t)< t for t > 0,
(16) F(s, t) = s

(1+s)r ; r ∈ (0,∞), F(s, t) = s ⇒ s = 0.

Problem: Whether can say that for all F we have F(0,0) = 0?

Definition 13 An ultra altering distance function is a continuous, nondecreasing mapping
φ : [0,∞)→ [0,∞) such that φ(t)> 0 if t > 0 and φ(0)≥ 0.

Remark 1 We denote Φu set all of ultra altering distance functions.

In the sequel let Φ be the set of all functions ω such that ω : [0,+∞) → [0,+∞) is a
nondecreasing function with limn→+∞ ωn(t) = 0 for all t ∈ (0,+∞). If ω ∈ Φ, then ω is
called a Φ-mapping. If ω is a Φ-mapping, then it is easy matter to show that:

1. ω(t)< t for all t ∈ (0,+∞),
2. ω(0) = 0.

2 Main results

We start with the following theorem.

Theorem 1 Let (X ,G) be a G-metric space and the pair ( f ,g) of self mappings is weakly
compatible such that∫ ψ(G( f x, f y, f z))

0
φ(t)dt ≤ F

(∫ ψ(L(x,y,z))

0
φ(t)dt,

∫ ϕ(L(x,y,z))

0
φ(t)dt

)
, (1)

for all x,y,z ∈ X, F : [0,∞)2 → R is a C-class, ψ ∈ Ψ, ϕ ∈ Φu and φ : [0,+∞)→ [0,+∞)
is a Lebesgue integrable mapping which is summable, non-negative and such that for each
ε > 0,

∫ ε
0 φ(t)dt > 0 where

L(x,y,z) = max{G(gx,gy,gz),G(gx, f x, f x),G(gy, f y, f y),G(gz, f z, f z)}, (2)

or
L(x,y,z) = max{G(gx,gy,gz),G(gx,gx, f x),G(gy,gy, f y),G(gz,gz, f z)}. (3)

If the pair ( f ,g) satisfies the (CLRg) property then f and g have a unique common fixed
point in X.
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Proof Since the pair ( f ,g) satisfies the (CLRg) property, then there exists a sequence {xn}
in X such that limn→∞ f xn = limn→∞ gxn = gu for some u ∈ X . We show that f u = gu. On
using inequality (1), we get∫ ψ(G( f xn, f xn, f u))

0
φ(t)dt ≤ F

(∫ ψ(L(xn,xn,u))

0
φ(t)dt,

∫ ϕ(L(xn,xn,u))

0
φ(t)dt

)
, (4)

where

L(xn,xn,u) =max{G(gxn,gxn,gu),G(gxn, f xn, f xn),

G(gxn, f xn, f xn),G(gu, f u, f u)}.

Taking limit as n →+∞ in (4), we have∫ ψ(G(gu,gu, f u))

0
φ(t)dt ≤ F

(∫ ψ(G(gu, f u, f u))

0
φ(t)dt,

∫ ϕ(G(gu, f u, f u))

0
φ(t)dt

)
. (5)

Similarly, one can obtain∫ ψ(G(gu, f u, f u))

0
φ(t)dt ≤ F

(∫ ψ(G(gu,gu, f u))

0
φ(t)dt,

∫ ϕ(G(gu,gu, f u))

0
φ(t)dt

)
. (6)

From (5) and (6), we have∫ ψ(G(gu,gu, f u))

0
φ(t)dt ≤

∫ ψ(G(gu, f u, f u))

0
φ(t)dt

≤ F
(∫ ψG(gu,gu, f u))

0
φ(t)dt,

∫ ϕ(G(gu,gu, f u))

0
φ(t)dt

)
.

So, ∫ ψ(G(gu,gu, f u))

0
φ(t)dt = 0 or

∫ ϕ(G(gu,gu, f u))

0
φ(t)dt = 0,

therefore ψ (G(gu,gu, f u)) = 0 or ϕ (G(gu,gu, f u)) = 0. Thus G(gu,gu, f u) = 0, that is,
f u = gu. Suppose that w = f u = gu. Since the pair ( f ,g) is weakly compatible and w =
f u = gu, therefore f w = f gu = g f u = gw. Finally, we prove that w = f w. Inequality (1)
implies ∫ ψ(G( f w, f w, f u))

0
φ(t)dt ≤ F

(∫ ψ(L(w,w,u))

0
φ(t)dt,

∫ ϕ(L(w,w,u))

0
φ(t)dt

)
, (7)

where

L(w,w,u) = max{G(gw,gw,gu),G(gw, f w, f w),G(gw, f w, f w),G(gu, f u, f u)}
= max{G( f w, f w,w),G( f w, f w, f w),G( f w, f w, f w),G(w,w,w)}
= G( f w, f w,w).



C-class Functions and Remarks on Fixed Points of Weakly Compatible Mappings. . . 31

Therefore (7) implies∫ ψ(G( f w, f w,w))

0
φ(t)dt ≤ F

(∫ ψ(G( f w, f w,w))

0
φ(t)dt,

∫ ϕ(G( f w, f w,w))

0
φ(t)dt

)
,

so, ∫ ψ(G( f w, f w,w))

0
φ(t)dt = 0 or

∫ ϕ(G( f w, f w,w))

0
φ(t)dt = 0.

Therefore ψ (G( f w, f w,w)) = 0 or ϕ (G( f w, f w,w)) = 0, thus G( f w, f w,w) = 0, that is,
w = f w. Therefore, w is a common fixed point of the mappings f and g. The proof is
similar for condition (3), hence the details are omitted. Uniqueness of the common fixed
point is easy consequences of inequalities (1)-(7).

�

With choice F(s, t) = s− t in Theorem 1 we have the following corollary.

Corollary 1 Let (X ,G) be a G-metric space and the pair ( f ,g) of self mappings is weakly
compatible such that∫ ψ(G( f x, f y, f z)

0
φ(t)dt ≤

∫ ψ(L(x,y,z))

0
φ(t)dt −

∫ ϕ(L(x,y,z))

0
φ(t)dt,

for all x,y,z ∈ X, ψ ∈ Ψ, ϕ ∈ Φu and φ : [0,+∞) → [0,+∞) is a Lebesgue integrable
mapping which is summable, non-negative and such that for each ε > 0,

∫ ε
0 φ(t)dt > 0,

where

L(x,y,z) = max{G(gx,gy,gz),G(gx, f x, f x),G(gy, f y, f y),G(gz, f z, f z)},

or
L(x,y,z) = max{G(gx,gy,gz),G(gx,gx, f x),G(gy,gy, f y),G(gz,gz, f z)}.

If the pair ( f ,g) satisfies the (CLRg) property, then f and g have a unique common fixed
point in X.

With choice F(s, t) = ks,0 ≤ k < 1 in Theorem 1 we have the following corollary.

Corollary 2 Let (X ,G) be a G-metric space and the pair ( f ,g) of self mappings is weakly
compatible such that ∫ ψ(G( f x, f y, f z))

0
φ(t)dt ≤ k

∫ ψ(L(x,y,z))

0
φ(t)dt,
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for all x,y,z ∈ X, 0 ≤ k < 1, ψ ∈ Ψ and φ : [0,+∞) → [0,+∞) is a Lebesgue integrable
mapping which is summable, non-negative and such that for each ε > 0,

∫ ε
0 φ(t)dt > 0,

where

L(x,y,z) = max{G(gx,gy,gz),G(gx, f x, f x),G(gy, f y, f y),G(gz, f z, f z)},

or
L(x,y,z) = max{G(gx,gy,gz),G(gx,gx, f x),G(gy,gy, f y),G(gz,gz, f z)}.

If the pair ( f ,g) satisfies the (CLRg) property then f and g have a unique common fixed
point in X.

With choice F(s, t) = sβ (s), β : [0,∞) → [0,1), in Theorem 1 we have the following
corollary.

Corollary 3 Let (X ,G) be a G-metric space and the pair ( f ,g) of self mappings is weakly
compatible such that ∫ G( f x, f y, f z)

0
φ(t)dt ≤ k

∫ G(gx,gy,gz)

0
φ(t)dt,

for all x,y,z ∈ X, 0 ≤ k < 1, and φ : [0,+∞)→ [0,+∞) is a Lebesgue integrable mapping
which is summable, non-negative and such that for each ε > 0,

∫ ε
0 φ(t)dt > 0. If the pair

( f ,g) satisfies the (CLRg) property then f and g have a unique common fixed point in X.

With choice F(s, t) = ω(s), here ω : [0,∞)→ [0,∞) is a continuous function such that
ω(0) = 0, and ω(t)< t for t > 0, in Theorem 1 we have the following corollary.

Corollary 4 Let (X ,G) be a G-metric space and the pair ( f ,g) of self mappings is weakly
compatible such that ∫ ψ(G( f x, f y, f z))

0
φ(t)dt ≤ ω

(∫ ψ(L(x,y,z))

0
φ(t)dt

)
for all x,y,z ∈ X, ω ∈ Φ, ψ ∈ Ψ, and φ : [0,+∞) → [0,+∞) is a Lebesgue integrable
mapping which is summable, non-negative and such that for each ε > 0,

∫ ε
0 φ(t)dt > 0,

where

L(x,y,z) = max{G(gx,gy,gz),G(gx, f x, f x),G(gy, f y, f y),G(gz, f z, f z)},

or
L(x,y,z) = max{G(gx,gy,gz),G(gx,gx, f x),G(gy,gy, f y),G(gz,gz, f z)}.

If the pair ( f ,g) satisfies the (CLRg) property then f and g have a unique common fixed
point in X.
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With choice ψ(t) = t, in Corollary 4 we have the following corollary.

Corollary 5 [8] Let (X ,G) be a G-metric space and the pair ( f ,g) of self mappings is
weakly compatible such that∫ G( f x, f y, f z)

0
φ(t)dt ≤ ω

(∫ L(x,y,z)

0
φ(t)dt

)
for all x,y,z ∈ X, ω ∈ Φ, and φ : [0,+∞) → [0,+∞) is a Lebesgue integrable mapping
which is summable, non-negative and such that for each ε > 0,

∫ ε
0 φ(t)dt > 0, where

L(x,y,z) = max{G(gx,gy,gz),G(gx, f x, f x),G(gy, f y, f y),G(gz, f z, f z)},

or
L(x,y,z) = max{G(gx,gy,gz),G(gx,gx, f x),G(gy,gy, f y),G(gz,gz, f z)}.

If the pair ( f ,g) satisfies the (CLRg) property, then f and g have a unique common fixed
point in X.
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