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Skolem Mean Like Labeling

V. Shendra Shainy, V. Balaji

Abstract: Let G = (V,E) be a graph of order p and size q. A graph G is said to be a skolem
mean like graph if p = q+1. Here we prove the theorems to study the characterization for path
and star. We prove that the path pa = p1 ∧ p2 ∧ ·· · ∧ pb with b− 1 wedges is a skolem mean
like graph and if a ≥ 4, K1,a is not a skolem mean like graph. Also we prove that the two star
K1,a ∧K1,b is not a skolem mean like graph if and only if |a−b| ≤ 4.
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1 Introduction

Let G = (V,E) be a graph of order p and size q. In [1],[2] and [3] the approach of skolem
mean labeling was made familiar.The rule for a graph to be a skolem mean is that p > q+1.
The theorems to study path, star and charecterization for the skolem mean labeling of two
star is proved. We proved that any path is a skolem mean graph and K1,m is not a skolem
mean graph for m ≥ 4. Also we prove that the two star K1,m ∪K1,n is a skolem mean graph
if and only if |m−n| ≤ 4.

2 Pre requisities

Definition 2.1. A graph G = (V,E) with p nodes and q links is said to be a skolem mean
like graph if there exists a function f from the node set of G to {1,2, ..., p} such that the
induced map f ∗ is defined by
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f ∗ (e = gh) =


f (g)+ f (h)

2
if f (g)+ f (h) is even

f (g)+ f (h)+1
2

if f (g)+ f (h) is odd

then the resulting links get unique labels {2,3, ..., p}.

Definition 2.2. A wedge is defined as a bridge connecting two components of a graph,
denoted as ∧, ω(G∧)< ω(G).
K1,m ∪K1,n is a two star and is a two component or a disconnected graph, Whereas, K1,m ∧
K1,n is a two star but a connected graph which means adding a wedge to a disconnected
graph with two components becomes a connected or a single component graph with three
components and two wedge becomes a connected or a single component graph.

Note: The only graph satisfying the rule p = q+1 is skolem mean like graph.

3 Main Results

Theorem 3.1. Any path Pa = (P1∧P2∧P3...,∧Pb) with (b−1) wedge is a skolem mean like
graph.

Proof. Let Pa be the path with links u1u2,u2u3, ...,ua−1ua.
Define a map f : V (Pa)→{1,2, ..., p} by f (αu) = u for 1 ≤ u ≤ a.
Then the respective label of the link αuαu+1 is u+1 for 1 ≤ u ≤ a−1.
Hence Pa is a skolem mean like graph.

Now we are going to study the existence of skolem mean like labeling of stars. We
observe that some stars are having skolem mean like labeling and some stars are not having
skolem mean like labeling, as the star K1,1 is P1 and K1,2 is P3 are skolem mean like graphs
by theorem (3.2).

Theorem 3.2. K1,a is not a skolem mean like graph, if a ≥ 4.

Proof. Suppose K1,a is a skolem mean like graph, then the unique link labels must be
{2,3, · · · .a+1}.Let (V1,V2) be the bipartition of K1,a with V1 = {u}. To get the link la-
bel a+1, we must have a+1 and a as the node labels of adjacent node. Thus either a+1
or a must be the label of u. In both cases, it is not possible to label the vertices without
labeling three of them as consecutive integers in the component G. Then, the respective
induced link labels are two of them will be same. Therefore the induced link labels of G are
not unique, which contradicts our supposition. Hence it is proved that K1,a is not a skolem
mean like graph.
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Now we find the charecterization for the skolem mean like labeling for two star graph.

Theorem 3.3. The two star K1,a∧K1,b is a skolem mean like graph if and only if |a−b| ≤ 4

Proof. Without loss of generality, we consider that a ≤ b.
Let us first take the case |a−b| ≤ 4.
There are five cases Viz. b = a,b = a+ 1,b = a+ 2,b = a+ 3 and b = a+ 4. We have to
prove that K1,a ∧K1,b is a skolem mean like graph for the above cases.

Case 1: Let b = a.

Consider the graph G=K1,a∧K1,b =K1,a∧K1,a = 2(K1,a). Let {α}∪{αu : 1 ≤ u ≤ a}
and {β}∪{βv : 1 ≤ v ≤ a} be the node set of first component and second component
of K1,a respectively. Then, G has 2a+1 links and 2a+2 nodes.
We have V (G)→{α,β}∪{αu : 1 ≤ u ≤ a}∪{βv : 1 ≤ v ≤ a} .
The appropriate node labeling V (G)→{1,2, ...,2a+2} is defined as follows:

f (α) = 3 ; f (β ) = 2a+1.
f (αu) = 2u for 1 ≤ u ≤ a−1
f (αa) = 1
f (βv) = 2v+3 for 1 ≤ v ≤ a−2
f (βa−1) = 2a and
f (βa) = 2a+2.

The respective link labels are given below :
The link label of ααu is u+2 for 1 ≤ u ≤ a−1 and ββv is a+v+2 for 1 ≤ v ≤ a−2.
Also, the link label of ααa is 2; the wedge label of αuβv is a+ 2 for all αu and βv

such that
f (αu)+ f (βv)+1

2
= a+ 2; ββa−1 is 2a+ 1 and ββa is 2a+ 2.Therefore,

the appropriate link labels of G = {2,3, ...,a+1,a+2,a+3, ...,2a,2a+1,2a+2}
Therefore, the number of distinct label is ((2a+2)−2+1)) = 2a+1 unique links.

Case 2: Let b = a+1.

Consider the graph G = K1,a ∧K1,b = K1,a ∧K1,a+1. Let {α}∪{αu : 1 ≤ u ≤ a} be
the nodes of K1,a and {β}∪{βv : 1 ≤ v ≤ a+1} be those K1,a+1. Then G has 2a+3
nodes and 2a+2 links.
We have V (G) = {α,β}∪{αu : 1 ≤ u ≤ a}∪{βv : 1 ≤ v ≤ a+1}
The appropriate node labeling f : V (G)→{1,2...,2a+3} is defined as follows :

f (α) = 2; f (β ) = 2a+2.
f (αu) = 2u−1 for 1 ≤ u ≤ a
f (βv) = 2v+2 for 1 ≤ v ≤ a−1
f (βa) = 2a+1 and
f (βa+1) = 2a+3.
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The respective link labels are given below :
The link label of ααu is u+1 for 1 ≤ u ≤ a and ββv is a+ v+2 for 1 ≤ v ≤ a−1.

Also, the wedge label of αuβv is a+2 for all αu and βv such that
f (αu)+ f (βv)+1

2
=

a+ 2; ββa is 2a+ 2 and ββa+1 is 2a+ 3. Therefore, the appropriate link labels of
G = {2,3, ...,a+1,a+2,a+3, ...,2a+1,2a+2,2a+3}
Therefore, the number of unique label is ((2a+3)−2+1)) = 2a + 2 unique links.

Case 3: Let b = a+2

Consider the graph G = K1,a ∧K1,b = K1,a ∧K1,a+2. Let {α}∪{αu : 1 ≤ u ≤ a} be
the nodes of K1,a and {β}∪{βv : 1 ≤ v ≤ a+2} be those K1,a+2. Then G has 2a+4
nodes and 2a+3 links.
We have V (G) = {α,β}∪{αu : 1 ≤ u ≤ a}∪{βv : 1 ≤ v ≤ a+2}
The appropriate node labeling f : (V (G))→{1,2, ...,2a+4} is defined as follows :

f (α) = 1; f (β ) = 2a+3.
f (αu) = 2u for 1 ≤ u ≤ a
f (βv) = 2v+1 for 1 ≤ v ≤ a
f (βa+1) = 2a+2 and
f (βa+2) = 2a+4.

The respective link labels are given below :
The link label of ααu is u+1 for 1 ≤ u ≤ a and ββv is a+ v+2 for 1 ≤ v ≤ a;

Also, the wedge label of αuβv is a+2 for all αu and βv such that
f (αu)+ f (βv)+1)

2
=

a+2; ββa+1 is 2a+3 and ββa+2 is 2a+4.
Therefore, the appropriate link labels of
G = {2,3, ...,a+1,a+2,a+3, ...,2a+2,2a+3,2a+4}
Therefore, the number of unique link label is ((2a+ 4)− 2+ 1)) = 2a+ 3 unique
links.

Case 4: Let b = a+3

Consider the graph G = K1,a ∧K1,b = K1,a ∧K1,a+3. Let {α}∪{αu : 1 ≤ u ≤ a} be
the nodes of K1,a and {β}∪{βv : 1 ≤ v ≤ a+3} be those K1,a+3. Then G has 2a+5
nodes and 2a+4 links.
We have V (G) = {α,β}∪{αu : 1 ≤ u ≤ a}∪{βv : 1 ≤ v ≤ a+3}
The appropriate node labeling f : (V (G))→{1,2, ...,2a+5} is defined as follows :

f (α) = 1; f (β ) = 2a+4.
f (αu) = 2u+1 for 1 ≤ u ≤ a
f (βv) = 2v for 1 ≤ v ≤ a+1
f (βa+2) = 2a+3 and
f (βa+3) = 2a+5.
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The respective link labels are given below :
The link label of ααu is u+1 for 1 ≤ u ≤ a and ββv is a+ v+2 for 1 ≤ v ≤ a+1.

Also, the wedge label of αuβv is a+2 for all αu and βv such that
f (αu)+ f (βv)+1

2
=

a+2; ββa+2 is 2a+4 and ββa+3 is 2a+5. Therefore, the appropriate link labels of
G = {2,3, ...,a+1,a+2,a+3, ...,2a+3,2a+4,2a+5}
Therefore the number of unique link label is ((2a+5)−2+1)) = 2a+4 unique links.

Case 5: Let b = a+4.

Consider the graph G = K1,a ∧K1,b = K1,a ∧K1,a+4. Let {α}∪{αu : 1 ≤ u ≤ a} be
the nodes of K1,a and {β}∪{βv : 1 ≤ v ≤ a+4} be those K1,a+4. Then G has 2a+6
nodes and 2a+5 links.
We have V (G) = {α,β}∪{αu : 1 ≤ u ≤ a}∪{βv : 1 ≤ v ≤ a+4}
The appropriate node labeling f : V (G)→{1,2...,2a+6} is defined as follows :

f (α) = 2;
f (β ) = 2a+5.
f (αu) = 2u+2 for 1 ≤ u ≤ a
f (βv) = 2v−1 for 1 ≤ v ≤ a+2
f (βa+3) = 2a+4 and
f (βa+4) = 2a+6.

The respective link labels are given below :
The link label of ααu is u+2 for 1 ≤ u ≤ a and ββv is a+ v+2 for 1 ≤ v ≤ a+2.
Also,the wedge label of αβ1 is 2; ββa+3 is 2a+ 5 and ββa+4 is 2a+ 6. Therefore,
the appropriate link labels of
G = {2,3, ...,a+1,a+2,a+3, ...,2a+4,2a+5,2a+6}
Therefore the number of unique link label is ((2a+6)−2+1)) = 2a + 5 unique links.
Hence, the graph G is skolem mean like graph if |a−b| ≤ 4.
Conversely, let us consider the case |a−b|> 4.
Suppose, that G = K1,a ∧K1,b for b = a+ r for r ≥ 5 is a skolem mean like graph, let
us assume that G = G1 ∧G2 for G1 = K1,a+r and G2 = K1,a.
Let us now consider the case when r = 5 and a = 1,then the graph G1,6 ∧G1,1 have 9
nodes and 8 links.
Let V (G) = {u1,s : 0 ≤ s ≤ 1}∪{v2,s : 0 ≤ s ≤ 6} and
E(G) = {u1,0u1,1}∪{v2,0v2,s : 1 ≤ s ≤ 6}∪

{u1,hv2,s : for any one of h and s, 0 ≤ h ≤ 1;0 ≤ s ≤ 6} .
Suppose G is a skolem mean like graph,let p = |V | = 9 and q = |E| = 8.
Then, there exists a function f from the node set of G to {1,2, .., p} such that the
induced the map f ∗ is defined by
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f ∗ (e = gh) =


f (g)+ f (h)

2
if f (g)+ f (h) is even

f (g)+ f (h)+1
2

if f (g)+ f (h) is odd.

Then the links get unique labels 2,3,...p. Let ti,s be the label given to the node ui,s for
0 ≤ s ≤ 1 and v2,s for 0 ≤ s ≤ 6 and xi,s be the respective link label of the link u1,0
u1,1 and v2,0 v2,s for 1 ≤ s ≤ 6.

Case (a): t2,0 = 8.

If t2,s = 2b−1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
8+2b−1

2

]
= b+4 =

[
8+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible node labels are (either 1 or 2), (either 3 or 4), (either 5 or 6),
7 and 9.
These five labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.

Case (b): t2,0 = 7
If t2,s = 2b+1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
7+2b+1

2

]
= b+4 =

[
7+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible node labels are 1, (either 2 or 3), (either 4 or 5), 6 and
(either 8 or 9).
These five labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.

Case (c): t2,0 = 6
If t2,s = 2b−1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
6+2b−1

2

]
= b+3 =

[
6+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible node labels are (either 1 or 2), (either 3 or 4), 5, (either 7 or
8)
and 9.
These five labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.
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Case (d): t2,0 = 5
If t2,s = 2b+1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
5+2b+1

2

]
= b+3 =

[
5+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible node labels are 1, (either 2 or 3), 4, (either 6 or 7) and
(either 8 or 9).
These five labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.

Case (e): t2,0 = 4
If t2,s = 2b−1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
4+2b−1

2

]
= b+2 =

[
4+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible node labels are (either 1 or 2), 3, (either 5 or 6), (either 7 or
8)
and 9.
These five labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.

Case (f): t2,0 = 3
If t2,s = 2b+1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
3+2b+1

2

]
= b+2 =

[
3+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible node labels are 1, 2, (either 4 or 5), (either 6 or 7) and
(either 8 or 9).
These five labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.

Case (g): t2,0 = 2
If t2,s = 2b−1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
2+2b−1

2

]
= b+1 =

[
2+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible nodes labels are 1, (either 3 or 4), (either 5 or 6),(either 7 or
8)
and 9.
These five labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.
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Case (h): when t2,0 = 1
If t2,s = 2b+1 and t2,c = 2b for some b and for some s, c then,

f ∗(v2,0 v2,s) =

[
1+2b+1

2

]
= b+1 =

[
1+2b

2

]
= f ∗(v2,0 v2,c).

This is not possible as f ∗ is a bijection.
Therefore, the feasible node labels are (either 2 or 3), (either 4 or 5), (either 6 or 7)
and (either 8 or 9).
These four labels are not adequate to label the six nodes, t2,s for 1 ≤ s ≤ 6.
Therefore, we clearly say that G is not a skolem mean like graph by the above cases.
Therefore, G = K1,6 ∧K1,1 is not a skolem mean like graph, when |a−b|= 5.
Similarly, we can prove that G = K1,7 ∧K1,1 is not a skolem mean like graph, when
|a−b|= 6.
Hence, G = K1,b ∧K1,a is not a skolem mean like graph if |a−b| ≥ 5.

4 Suggestion for future work

Further work can be carried out by the bounds of the three star and four star graphs. Also,
to find n generalizing the bounds of star graphs, that is to find the upper and lower bounds
of n star graph in skolem mean like labeling.
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