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Skolem Mean Like Labeling

V. Shendra Shainy, V. Balaji

Abstract: Let G = (V,E) be a graph of order p and size ¢g. A graph G is said to be a skolem
mean like graph if p = g+ 1. Here we prove the theorems to study the characterization for path
and star. We prove that the path p, = p; Ap2 A--- A pp with b — 1 wedges is a skolem mean
like graph and if @ > 4, Kj 4 is not a skolem mean like graph. Also we prove that the two star
K4 AKj is not a skolem mean like graph if and only if |a —b| < 4.
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1 Introduction

Let G = (V,E) be a graph of order p and size ¢. In [1],[2] and [3] the approach of skolem
mean labeling was made familiar.The rule for a graph to be a skolem mean is that p > g+ 1.
The theorems to study path, star and charecterization for the skolem mean labeling of two
star is proved. We proved that any path is a skolem mean graph and K; ,, is not a skolem
mean graph for m > 4. Also we prove that the two star K ,, UK , is a skolem mean graph
if and only if |m —n| < 4.

2 Pre requisities

Definition 2.1. A graph G = (V,E) with p nodes and q links is said to be a skolem mean
like graph if there exists a function f from the node set of G to {1,2,...,p} such that the
induced map f* is defined by
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f(g);f( ) if f(g)+f(h)iseven
[ (e=gh)= o
TOETIEL S f(0) 45 (h)is oda

then the resulting links get unique labels {2,3,...,p}.

Definition 2.2. A wedge is defined as a bridge connecting two components of a graph,
denoted as \, ©(GN\) < o(G).

Ky w UK\, is a two star and is a two component or a disconnected graph, Whereas, K1 , N
K1, is a two star but a connected graph which means adding a wedge to a disconnected
graph with two components becomes a connected or a single component graph with three
components and two wedge becomes a connected or a single component graph.

Note: The only graph satisfying the rule p = g+ 1 is skolem mean like graph.

3 Main Results

Theorem 3.1. Any path P, = (P AP, APs...,\Py) with (b— 1) wedge is a skolem mean like
graph.

Proof. Let P, be the path with links uyuy, upus, ..., u,—1u,.

Define amap f:V(P,) — {1,2,...,p} by f(a,) =ufor1 <u<a.

Then the respective label of the link o, 00,41 isu+1forl <u<a—1.

Hence F, is a skolem mean like graph. O

Now we are going to study the existence of skolem mean like labeling of stars. We
observe that some stars are having skolem mean like labeling and some stars are not having
skolem mean like labeling, as the star Kj ; is P and K] 5 is P; are skolem mean like graphs
by theorem (3.2).

Theorem 3.2. K| , is not a skolem mean like graph, if a > 4.

Proof. Suppose Kj , is a skolem mean like graph, then the unique link labels must be
{2,3,---.a+1}.Let (V1,V,) be the bipartition of K; , with V; = {u}. To get the link la-
bel a+ 1, we must have a+ 1 and a as the node labels of adjacent node. Thus either a + 1
or a must be the label of u. In both cases, it is not possible to label the vertices without
labeling three of them as consecutive integers in the component G. Then, the respective
induced link labels are two of them will be same. Therefore the induced link labels of G are
not unique, which contradicts our supposition. Hence it is proved that K , is not a skolem
mean like graph. 0
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Now we find the charecterization for the skolem mean like labeling for two star graph.

Theorem 3.3. The two star Ky 4 \K| j, is a skolem mean like graph if and only if |a —b| < 4

Proof. Without loss of generality, we consider that a < b.

Let us first take the case |a — b| < 4.

There are five cases Viz. b=a,b=a+1,b=a+2,b =a+3 and b = a+ 4. We have to
prove that K , A K7 is a skolem mean like graph for the above cases.

Case 1:

Case 2:

Letb=a.

Consider the graph G =K ; AK| p =Kj s AK1 o =2(K) o). Let{o} U{a, : 1 <u <a}

and {BIU{B,: 1 <v< a} be the node set of first component and second component

of K1 , respectively. Then, G has 2a + 1 links and 2a + 2 nodes.

We have V(G) — {a,BtU{oy: 1 <u<a}lU{B,: 1 <v<a}.

The appropriate node labeling V(G) — {1,2,...,2a+ 2} is defined as follows:
fla)=3; f(B)=2a+1.

flow) =2u for 1<u<a-1
f(aa) =1

f(By)=2v+3 for 1<v<a-2
f(Ba=1) =2a and

f(Ba) =2a+2.

The respective link labels are given below :

The link label of aoy, isu+2forl <u<a—1land BB, isa+v+2forl <v<a-—2.

Also, the link label of o is 2; the wedge label of o, f, is a+ 2 for all o, and B,
oy 1 . .

such that S )+£(ﬁv> R a+2; BPs1is 2a+ 1 and B, is 2a + 2.Therefore,

the appropriate link labels of G = {2,3,....,a+ l,a+2,a+3,...,2a,2a+ 1,2a+2}
Therefore, the number of distinct label is ((2a+2) —2+1)) = 2a+ 1 unique links.

Letb=a-+1.

Consider the graph G = Kj ;AKjp = Kj o AKjar1. Let {a}U{a, : 1 <u<a} be
the nodes of K , and {B} U{B,: 1 <v <a+1} be those K| 1. Then G has 2a+3
nodes and 2a + 2 links.
We have V(G) ={o,f}U{a,: 1 <u<a}U{B,: 1 <v<a+1}
The appropriate node labeling f : V(G) — {1,2...,2a+ 3} is defined as follows :

f(0) = 2; f(B) =2a-+2.

flo,)=2u—1 for 1<u<a

f(By) =2v+2 for 1<v<a-1

f(Bs) =2a+1 and

J(Ba+1) =2a+3.
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Case 3:

Case 4:
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The respective link labels are given below :

The link label of ao, isu+1forl <u<aand Bf,isa+v+2forl <v<a—1.
Q 1

Also, the wedge label of o, 8, is a+ 2 for all oy, and B, such that Flow) + f(Br) + =

a+2; BBy is 2a+2 and BB,y is 2a + 3. Therefore, the appropriate link labels of
G={23,...,a+1,a+2,a+3,...,2a+1,2a+2,2a+ 3}
Therefore, the number of unique label is ((2a+3) —2+ 1)) = 2a + 2 unique links.

Letb=a+2

Consider the graph G = Kj ,AK)p = Ki o AKj a12. Let {a} U{a,:1<u<a} be

the nodes of K; , and {B}U{B, : 1 <v <a+2} be those Kj 4+2. Then G has 2a+4

nodes and 2a + 3 links.

We have V(G) ={«, B}U{au:1<u<a}U{[3v.1<v§a+2}

The appropriate node labeling f: (V(G)) — {1,2,...,2a+4} is defined as follows :
f(0) = 1: F(B) =2a-+3.

fla,) =2u for 1<u<a
f(B)=2v+1 for 1<v<a
f(Bas1) =2a+2 and

f(Ba+2) =2a+4.
The respective link labels are given below :

The link label of o, is u+1for 1 <u<aand BB, isa+v+2forl <v<a;
Flew) +f(B)+1) _
2

Also, the wedge label of a3, is a+ 2 for all &, and 3, such that

a+2; BB.r1is2a+3 and BB, 5 is 2a+4.

Therefore, the appropriate link labels of
G=1{2,3,..,a+1l,a+2,a+3,....2a+2,2a+3,2a+ 4}

Therefore, the number of unique link label is ((2a+4) —2+ 1)) = 2a+ 3 unique
links.

Letb=a+3

Consider the graph G = K; ,AKjjp = Kj o AKj443. Let {a}U{a, :1 <u<a} be
the nodes of K , and {B} U{B, : 1 <v <a+3} be those Kj 44+3. Then G has 2a+5
nodes and 2a + 4 links.
We have V(G) ={o,B}U{a,: 1 <u<a}U{B,: 1 <v<a+3}
The appropriate node labeling f : (V(G)) — {1,2,...,2a+ 5} is defined as follows :

F(0) = 1: F(B) =2a-~+4.

flo) = 2u+1 for 1<u<a

f(By) = for 1<v<a+l

f(ﬁa+2) 2a—|—3 and

J(Ba+3) =2a+5.
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The respective link labels are given below :

The link label of oy, is u+1for 1 <u<aand BB, isa+v+2forl <v<a-+1.
Q, 1

Also, the wedge label of a3, is a+ 2 for all o, and f3, such that Fo) + f(Br) + =

a+2; BBsiris2a+4 and BB, 3 is 2a+ 5. Therefore, the appropriate link labels of

G={2,3,...,a+1,a+2,a+3,....2a+3,2a+4,2a+5}

Therefore the number of unique link label is ((2a+5) —2+1)) = 2a+4 unique links.

Letb=a-+4.

Consider the graph G = Kj ,AK)p = Ki o AKj g4. Let {a}U{a,: 1 <u<a} be
the nodes of K , and {B} U{B, : 1 <v <a+4} be those Kj 444. Then G has 2a+6
nodes and 2a + 5 links.
We have V(G) ={a,B}U{oy: 1 <u<alU{B,: 1 <v<a+4}
The appropriate node labeling f: V(G) — {1,2...,2a+ 6} is defined as follows :
flo) =2;

f(B) =2a+S5.

flo,) =2u+2 for 1<u<a

fB)=2v—1 for 1<v<a+2

f(Bas3) =2a+4 and

f(Basa) =2a+6.
The respective link labels are given below :

The link label of o, isu+2for 1 <u<aand BB, isa+v+2forl <v<a-+2.
Also,the wedge label of af8; is 2; BBu+3 is 2a+ 5 and BB,14 is 2a + 6. Therefore,
the appropriate link labels of
G=1{2,3,...,a+1l,a+2,a+3,....,2a+4,2a+5,2a+6}

Therefore the number of unique link label is ((2a+6) —2+1)) = 2a + 5 unique links.
Hence, the graph G is skolem mean like graph if |a — b| < 4.

Conversely, let us consider the case |a —b| > 4.

Suppose, that G = K , AKj p, for b = a+r for r > 5 is a skolem mean like graph, let
us assume that G = G1 A G, for G| = K 44, and G2 = Kj 4.

Let us now consider the case when r =5 and a = 1,then the graph G| ¢ A G| have 9
nodes and 8 links.

Let V(G) ={u1,:0<s<1}U{vp,:0<s <6} and

E(G) = {uiou11} U{vaovas: 1 <5 <6}U

{uy pvos : for any one of hands, 0 <h <1;0 <s <6}.

Suppose G is a skolem mean like graph,letp = |V|=9 and q = |E| =

Then, there exists a function f from the node set of G to {1,2,..,p} such that the
induced the map f* is defined by
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Case (a):

Case (b):

Case (¢):
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W if f(g)+f(h)is even
I (e=gh) =
W it £ (g)+f(h)is odd.

Then the links get unique labels 2,3,...p. Let 7; ; be the label given to the node u;  for
0<s<1landv,for0<s <6 and x;, be the respective link label of the link u; o
U1 and V2.0 V25 for 1 <s< 6.

ho= 8.

If oy =2b—1 and 1, . = 2b for some b and for some s, ¢ then,
y 8+2b—1 8+2b y
f (va0 va) = 2} =b+4= [2] = f*(v2,0 v2.e)-
This is not possible as f* is a bijection.
Therefore, the feasible node labels are (either 1 or 2), (either 3 or 4), (either 5 or 6),
7 and 9.
These five labels are not adequate to label the six nodes, 7, s for 1 < s < 6.

ho= 7
If oy =2b+1 and 1, . = 2b for some b and for some s, ¢ then,
y 7+2b+1 7+2b y
ff(va0 va) = 2} =b+4= [2] = f*(v2,0 v2.c)-
This is not possible as f* is a bijection.
Therefore, the feasible node labels are 1, (either 2 or 3), (either 4 or 5), 6 and
(either 8 or 9).
These five labels are not adequate to label the six nodes, #, ; for 1 <5 < 6.

1o=06

If o, =2b—1 and 1, . = 2b for some b and for some s, ¢ then,
6+2b—1 6+2b

ff(va0vas) = [2} =b+3= [2] = f*(v2,0 v2.c)-

This is not possible as f* is a bijection.

Therefore, the feasible node labels are (either 1 or 2), (either 3 or 4), 5, (either 7 or
8)

and 9.

These five labels are not adequate to label the six nodes, f, s for 1 < s < 6.



Case (d):

Case (e):

Case (f):

Case (g):
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ho= 5
Ifto  =2b+1 and 1, . = 2b for some b and for some s, ¢ then,
y 542b+1 5+2b y
T R R R e e R o)
This is not possible as f* is a bijection.
Therefore, the feasible node labels are 1, (either 2 or 3), 4, (either 6 or 7) and
(either 8 or 9).
These five labels are not adequate to label the six nodes, 7, s for 1 < s < 6.

ho= 4
If o, =2b—1 and 1, . = 2b for some b and for some s, ¢ then,

y 442b—1 4+2b y
fr(v20vas) = [2] =b+2= [2] = f*(v2,0 v2.¢)-

This is not possible as f* is a bijection.

Therefore, the feasible node labels are (either 1 or 2), 3, (either 5 or 6), (either 7 or
8)

and 9.

These five labels are not adequate to label the six nodes, 1, s for 1 < s < 6.

ho= 3

Ifto  =2b+1 and 1, . = 2b for some b and for some s, ¢ then,
3+2b+1 3+2b

f*(vlo V27s) = |:2:| =b+2= [2] = f*(V270 V276->.

This is not possible as f* is a bijection.

Therefore, the feasible node labels are 1, 2, (either 4 or 5), (either 6 or 7) and
(either 8 or 9).

These five labels are not adequate to label the six nodes, 7, s for 1 < s < 6.

ho= 2

Ifto  =2b—1 and 1, . = 2b for some b and for some s, ¢ then,
24+2b—1 2+2b

(a0 vas) = [2] =b+1= [2] = f*(v2,0 v2.c)-

This is not possible as f* is a bijection.

Therefore, the feasible nodes labels are 1, (either 3 or 4), (either 5 or 6),(either 7 or
8)

and 9.

These five labels are not adequate to label the six nodes, 1, s for 1 < s < 6.
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Case (h): whenny=1
If o, =2b+1 and 1, . = 2b for some b and for some s, ¢ then,
[T (v20v2) = [1 +22b+ 1} =b+tl= [] —;2[9] = f*(v20 v2.)-
This is not possible as f* is a bijection.
Therefore, the feasible node labels are (either 2 or 3), (either 4 or 5), (either 6 or 7)
and (either 8 or 9).
These four labels are not adequate to label the six nodes, f, s for 1 <s < 6.
Therefore, we clearly say that G is not a skolem mean like graph by the above cases.
Therefore, G = Kj 6 A Kj 1 is not a skolem mean like graph, when la—b| =5.
Similarly, we can prove that G = K 7 A Kj 1 is not a skolem mean like graph, when
|a—b| = 6.
Hence, G = K| , AK 4 is not a skolem mean like graph if |a —b| > 5.

4 Suggestion for future work

Further work can be carried out by the bounds of the three star and four star graphs. Also,
to find n generalizing the bounds of star graphs, that is to find the upper and lower bounds
of n star graph in skolem mean like labeling.
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