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Some results on fixed points and best approximation in partial
idempotent-valued metric spaces

M. Iranmanrsh, F. Soleimany, S. Radenovi¢

Abstract: In this work, we introduce the concept of a partial idempotent-valued metric space
and establish some existence results of fixed point for different contractive type mappings on
such spaces. We also study the existence and uniqueness of best proximity points in the setting
these spaces.
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1 Introduction

The Banach Contraction Principle states that, if a self-mapping 7" of a complete metric
space X is a contraction mapping, then 7" has a unique fixed point. In general, this principle
has been generalized in two directions. On the one side, the usual contractive (expansive)
condition is replaced by a weakly contractive (expansive) condition. On the other side, the
action spaces are replaced by metric spaces endowed with an ordered or partially ordered
structure. For example, ORegan and Petrusel and Caballero started the investigations con-
cerning a fixed point theory in ordered metric spaces([11, 4]). Matthews (1994) introduced
a new distance on a non-empty set X, which is a called partial metric. A partial metric
space is an attempt to generalize the metric space by replacing the condition d(x,x) =0
with the condition d(x,x) < d(x,y) for all x,y in the definition of the metric (See [8]). Very
recently, the authors have focused on this subject and have generalized some fixed point
theorems from the class of metric spaces to the class of partial metric spaces (See, [2, 10]).
Later, many authors generalized their fixed point theorems on different type of metric spaces
[1,9, 13, 14, 15, 20, 21]. In [6] Huang and Zhang replacing the set of real numbers by an
ordered Banach space. In [22] the authors studied the operator-valued metric spaces and
gave some fixed point theorems on the spaces.
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Fixed point theory is indispensable for solving various equations of the form 7Tx = x
for self-mappings 7" defined on subsets of metric spaces. Given non-empty subsets A and
B of a metric space and a non-self mapping 7 : A — B, the equation Tx = x does not nec-
essarily have a solution, which is known as a fixed point of the mapping 7. However, in
such circumstances, it may be speculated to determine an element x for which the error
d(x,Tx) is minimum, in which case x and T'x are in close proximity to each other. The best
approximation theorems and best proximity point theorems are relevant in this perspective.
Many authors have derived extensions of the best approximation theorem in many direc-
tions such as Prolla [12], Reich [16], Sehgal and Singh [17], Vetrivel et al.[19], Eldred and
Veeramani [5], Mongkolkeha and Kumam [7] and Sadiq Basha and Veeramani [18]. In
this paper, we studied a new type partial valued metric space and gave some fixed point
theorems in these spaces. The paper is organized as follows: We first introduce a concept of
partial idempotent-valued metric space. Moreover, some fixed point theorems for mappings
satisfying the contractive on idempotent-valued metric space is established. We give exam-
ples were not contractive type mappings respect to metric space but are idempotent-valued
contractive mapping. Finally, we shall give some results about best proximity points of
cyclic contractions in these spaces.

2 Preliminaries

In this section, we shall define the partial idempotent valued metric space and give some
properties.

Definition 2.1. A idempotent space is a vector space K over filed R in which a two fold
(K, @) satisfies the following conditions:

(i) a® (bdc)=(a®db)®cfora,b,c €K.

(il)) a®a=a,forall a € K.

A idempotent space is commutative if a6b =b D a for a,b € K.

Definition 2.2. Let (K,®) be a idempotent space, we shall employ the canonical order
relation <g on K defined by

algbsadbb=0.
We shall also write b >¢ a instead of a <g b.

Example 2.3. Let K = R with a ® b := max{a,b} or a® b := min{a,b} for a,b € R is
idempotent space.
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Example 2.4. Consider matrices having entries in (R,®). For conforming matrices A =
(aij),B = (b;j) matrix addition together with multiplication by a scalar 4 € R follow the
conventional rules

{A "‘B}ij = ajj EBb,‘j, and {AA} = 7La,-.,-.

is idempotent space.

Definition 2.5. Let (K, <) be a partially ordered set and P C K, such that P 0. An element
a € P is called a maximal (resp. minimal) of P, if there exists no a # x € P such that a < x
(resp. x < a). The set of all maximal (resp. minimal) elements of P is denoted by max(P)
(resp. min(P)). If for any finite subset P, max(P) and min(P) always exists and unique then
K is called a totally lattice.

Example 2.6. R is totally lattice respect to order <4, which is defined in Example 2.3 .

Example 2.7. Let S = {a}, and X = P(S) = {0, S} with the inclusion relation C is a totally
lattice. But if S = {a,b} then X is not totally lattice.

Example 2.8. Let X = R? where (a,b) < (c,d) if and only if either a < ¢ or a = ¢ and
b < d is totally lattice.

Definition 2.9. Let (K, <) be a partial ordered vector space. Let {x,} be a sequence in K
and x € K. If for every Ok < c, there is ng such that for all n > ng, x, —x < c, then {x, } is
said to be convergent and {x, } converges to x, and x is the limit of {x, }. We denote this by
lim;, o X, = X O, X, —> X aS 1 —> o0,

Definition 2.10. Let (K, <) be a partial order vector space, we say the order relation on K
has positive cone ordering property if vector Ox < a < b and scalar inequalities 0 < r < ¢
imply that the inequalities

forall Oy <x € K.

Definition 2.11. Let (K, <) be a partial order vector space. We say K is a normal space if
the order relation on K has positive cone ordering property.

Example 2.12. Let K = R with a ® b := max{a,b} for a,b € R. It is trivial that K is a
normal space.

Throughout this paper, (K,®) is denotes a commutative idempotent space such that K
is a totally lattice respect to order <g5. Now with the help of this <g one can give the
definition of a partial idempotent-valued metric space.

For later applications, it will be convenient to use the notation

Kt:={a€K: a>s0x}.
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Definition 2.13. Let X be a non-empty set. Consider the mapping d : X x X — K satisfies:
(i) d(x,x) <g d(x,y) forallx,y € X.
(i) x =y d(x,x) =d(x,y) =d(yy).
(iii) d(x,y) =d(y,x) forall x,y € X,
v) d(x,y) <g d(x,z) ®d(y,z) for all x,y,z € X.
Then d is called a partial idempotent-valued metric on X and (X,K,d) is called a
partial idempotent-valued metric space.

Example 2.14. Let X = [0,), K = R with the operations a ®max b := max{a,b}. Define
the metricd : X x X — K by

d(a,b) :=a®b.
Then X is a partial idempotent-valued metric space.

Example 2.15. Let M be a nonempty set and X = B(M,R") be the set of bounded map-
pings(mappings with order-bounded range). Let K = B(X, (R, ®max)), with the point-
wise generalized addition (h® g)(a) = h(a) ® g(a) on X. Define the metric mapping
d:=XxX— K" by

d(f,8)(a) := max{f(a),g(a)}.

Then (X,d) is a partial idempotent-valued metric space.

Definition 2.16. Let (X,K,d) be a partial idempotent-valued metric space.
(i) asequence {x,} C X converges to x € X if and only if

d(x,x) = nli_r}rolod(x,xn) = r}i_r}r.}od(xn,x);
(ii) asequence {x,} C X is called a Cauchy sequence if and only if for n,m € N, lim, ;e d (X, X )
exists.

iii) the (X,d) is said to be complete if every Cauchy sequence {x,} C X converges, to a
point x € X such that
d(xvx) = n}rilrgood(xmaxn) = nvlnizrgood(xnaxm)'
Definition 2.17. Let C be a subset of X. If for any sequence {x, } € X, there is a subsequence

{xn;} of {x,} such that {x,,} is convergent in C. Then C is called a sequentially compact
set.

Definition 2.18. Suppose that (X,K,d) be a partial idempotent-valued metric space. T :
X — X is called a continuous function at x if for any x,, — x implies that T'x, — T'x.
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3 Main results

In this section, we shall prove some fixed point theorems for contractive mappings in the
setting of partial idempotent-valued metric spaces.

Theorem 3.1. Let X be complete partially idempotent-valued metric space and T : X — X
is a mapping such that

d(Tx,Ty) <e y(max{d(x,Tx),d(x,y),d(y,Ty)}). (3.1

for all x,y € X, where W : K™ — K" is a continuous, nondecreasing function such that
lim,, .o " (a) = Ok and y(a) <g a for a € K*. Then there exists unique x € X such that
x=Tx.

Proof. Now, letx, =Tx,_; forn=1,2,.... If x,,; = x,,—1 for some ny € N, then it is clear
that x,, is a fixed point of 7. Thus, assume x,,, # x,,— for all n.

d(xmxn+1) = d(TxnflaTxn))
<a W(max{d(xn—l ) Txn—l)a d(xn—l 7xn)ud(xm Txn)})-
= y(max{d(x,—1,%n),d(Xn,Xn+1)})- ()
Now, if
max{d(x,—1,%,),d(Xp,Xn41)} = d(xn, Xn11)
for some n, then from (*) we have
d(xmxn-i-l) <o l//(d(x'l-&-l 7xn)) <e d(xn-H 7xn)‘
which is a contradiction. Thus
maX{d(xn—l axn);d(xn7xn+1)} = d(xnvxn—l)7
for all n. Therefore, we have
d(Xn,)C,H_]) S@ w<d('xn—17~xﬂ))7
and so
d(xnaxn+1) S@ Wn(d(x07xl))'
This shows that lim,, . d (X, x,+1) = Ox. Now, we have
A prtn) <o W (d(r1,%0)) @ W (d(x1,%0)) & @ Y (d(x1,30)
<o Y'(d(x1,x0)) D Y (d(x1,%0)) D DY TP (d(x1,x0))

<o Y'(d(x1,%0)) &Y (d(x1,%)) & - &Y (d(x1,x))
= y"(d(x1,x0)). (From part (ii) of Definition 2.1).
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Since y"(a) is convergent to Ok for each a € K™, {x,} is a Cauchy sequence in the metric
space X, we have lim,, ;,—;eo d (X, %,) = O, Since X is complete, then {x, } is convergent to
x. Therefore,

d(x,x) = limd(x,,x) = lim d(x;,x,) = Og.

n—roo n,m—»oo

Now, we claim that 7x = x. We show that d(x, Tx) = Og. Assume this is not true. From we
obtain

d(x,Tx) <g d(x,Tx,)®d(Tx,,Tx)
<g d(x,Tx,)® y(max{d(x,x,),d(x,Tx),d(xn,Xn+1)}).
using the continuity of and letting n — oo, we have
d(xv T)C) <o W(d('x’ TX)) <o d(xa TX)

which is a contradiction. Thus d(x,7Tx) = 0 and so x = Tx. Now let z is another fixed point
of T, that is x # z, then from (3.1) we have
d(x,2) =d(Tx,Tx)) <g y(max{d(x,z),d(x,Tx),d(z,T2)})
= l//(max{d(x,z),d(x,x),d(z,z)})
d(x,2))

X,2).

X €

<o
which is a contradiction. Thus x = z. O

Definition 3.2. Suppose that (X, K,d) be a partial idempotent-valued metric space. We call
amapping 7 : X — X is a idempotent-valued contractive mapping on X, if there exists an
a € R with a € [0, 1) such that

d(Tx,Ty) <¢ ad(x,y), forx,y € X.

Example 3.3. Let X = (—,0], K = R with the operations a @, b := min{a,b}. Define
the metric d : X x X — K" by d(a,b) :=a®b. The map T : X — X defined by Tx = %x,
for x € X is a idempotent-valued contractive mapping on X, i.e we have

11 1 . 1
d(TxaTy) = mln{§x7 Ey} <o Emln{xvy} = Ed(x7y)

Theorem 3.4. Let (X,K,d) be a complete partial idempotent -valued metric spaces and let
K be a normal space. If T be a contractive mapping on X. Then T has at least one fixed
point

Proof. Tt is a Consequence of Theorem 3.1. In fact, if we take y(k) = ak where a € [0,1),
k € KT, we have Theorem 3.4. O
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Example 3.5. Let K = R? with partial order which is defined in Example 2.8, X = R2
with the operations

(a,0) ® (c,d) := max{(a,b), (c,d)}.
And the metric d : X X X — K defined by

d(x,y) =x®y, forx,y€X.

Now define the mapping 7 : X — X by

1 1
T((x1,x2)) = (Exl,gxz)-
It is clear that |
AT (x),T() <o 5d(x,)

By above theorem 7 has a unique fixed point in X.

In the following theorem, we give fixed point theorem on partial ordered spaces. The
contractive condition (3.1) does not have to be satisfied for x,y € X, but we add a condition
onX.

Theorem 3.6. Let (X, <) be complete partial idempotent-valued metric space and T : X —
X be a continuous, nondecreasing mapping such that

d(Tx,Ty) <e y(max{d(x,Tx),d(x,y),d(y,Ty)}). (3.2)

for all x,y € X with y < x, where v : K™ — K™ is a continuous, nondecreasing function
such that lim,_,. y"(a) = O and y(a) <g a for a € K*. If there exists an xo € X with
xo < Txo, then there exists x € X such that x = Tx.

Proof. Letx, =Tx,— forn=1,2,--- If x,, = xp,—1 for some np € N, then it is clear that
Xn, 18 a fixed point of 7. Thus, assume x,, # x,,— for all n. Notice that since xo < T'xo and
T is nondecreasing, we have

X0 <X <X <o <Xy

Now, since x,_; < x,, we can use the inequality (3.2) for these points, similar to proof
Theorem 3.1 we can show that x, is a Cauchy sequence in the metric space X, we have
limd (x,,,x,) = Ok, Since X is complete, then x, is convergent to x. Therefore,

d(x,x) = limd(x,;,x) = lim d(xp,x,) = Ok.

n—soo n,m—soo
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Now, we claim that Tx = x. Suppose d(x,Tx) >g Og. Since T is continuous, therefore
d(Tx,Tx) =lim,_ed(Tx,, Tx). Now from (3.2) we have

d(Tx,Tx) <g y(max{d(x,Tx),d(x,x)}) = y(d(x,Tx)).

As
d(x,Tx) <g d(x,xp+1) Dd(xp41,Tx),

and letting n — oo, we have
dx,Tx) <g limd(x,xy+1)® limd(x,11,Tx)
n—soo n—soo
= d(Tx,Tx)
<e W(d(x,Tx)
<g d(x,Tx).

which is a contradiction since d(x,Tx) > Og. Thus d(x,Tx) = O, therefore x = Tx. [

Example 3.7. Let X =R*, K =R and d(x,y) = x&y = max{x,y}. We can define a partial
order on X as follows:

x=y<=y=x or{x,y€0,1] withx <y}.

Let

2
T(x) = T X€0,1]
2x  ow

and y : R — R, y(¢) = 145 Therefore, y is continuous and nondecreasing. Also, T is

nondecreasing with respect to < and for y < x, we have

x2 y2
d(Tx,T = _
 1+x

<o y(max{d(x,Tx),d(x,y),d(y,Ty)}).

It is clear that the conditions of Theorem 3.6 is satisfied and for xo = 0, we have xo < Tx.
Therefore by Theorem 3.6, T has a fixed point in X.

This example shows that we can not use of Theorem 2.1 in [3] because ) y" () is not
convergent.

For each x € X and Ogx < r, let B(x,r) ={y € X :d(x,y) <o r} and Blx,r] ={y € X :
d(x,y) <g r}. As in the real case, the equality B[x, 7| = B(x,r) does not necessarily hold in
general case. In the next lemma we show this equality in idempotent -valued metric spaces.
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Lemma 3.8. Ler (X,K,d) be a partial idempotent-valued metric space and let K be a
normal space. Then for x € X and Og < r, B|x,r| = B(x,r)

Proof. For eachy € B[x,r|, if d(x,y) <g rtheny € B(x,r) C B(x,r). If d(x,y) = r, then let
€, =~ and z, € X such that d(z,,y) < &,. Since

,
d(x,zn) <o E@rg@ ror=r,

then z, € B(x,r). Since d(y,y) < d(y,z.) = » — Ok therefore lim, 2, = y. This implies
y € B(x,r). O

Corollary 3.9. Let (X,K,d) be a complete partial idempotent-valued metric space and let
K be a normal space and

B(yo,r) :={xe€ X :d(x,y0) <e r},

where r € K and r >¢ Og. Suppose T : B(yg,r) — X be a idempotent-valued contractive
mapping, such that

d<T)’O7YO) <o br.
where b € [0,1). Then T has a fixed point.

Proof. We show that T'(B(yo,r)) C B(yo,r). Let x € B(yo,r). Then d(x,yo) <4 r and
d(Tx7y0) S@ d(Txa Ty()) @d(T)’anO) S@ a d(xvyO) ®br.

we obtain
d(Tx,yo) <gar®br<grdr=r,

which shows that Tx € B(yg,r). We can apply Theorem 3.1 to get the conclusion. O

4 Best Proximity Point Results

In the light of extending the technique in the previous section to obtain best proximity point
results in normal partial idempotent-valued space, we recall some notions and notations.
Whole this section, K is supposed that is a normal space.

Definition 4.1. Let A and B be non-empty subsets of a partial idempotent-valued metric
space X, we denote the distance between A and B by

dist(A,B) :=inf{d(a,b) :a € A,b € B}.

Definition 4.2. Let A and B be non-empty subsets of a partial idempotent-valued metric
space X. Amap T : AUB — AUB is a cyclic contraction map if it satisfies:
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(1) T(A) C Band T(B) C A.
(2) For some a € (3,1) we have
d(Tx,Ty) <g amax{d(x,Tx),d(x,y),d(y,Ty)} ® (1 —a)dist(A,B),
forall.x €A,y € B.

Definition 4.3. A point x € AUB is called a best proximity point if d(x, Tx) = dist(A,B).

Lemma 4.4. Let A and B be non-empty subsets of a normal complete partial idempotent-
valued metric space X. Suppose T : AUB — AUB is a cyclic contraction map. Then
starting with any xo € AUB, we have d(x,,Tx,) — dist(A,B) where x, 11 = Tx,,.

Proof. We have
d(xn,xn+1) <g amax{d(x,—1,Tx,—1),d(xp—1,%,),d(xn, Tx,} & (1 —a)dist(A,B)
= amax{d(x,—1,%,),d(xy,xXp41)} © (1 —a)dist(A,B)

Now, if
max{d(x,—1,%),d(Xn,Xns1)} = d(Xn, Xn11)-

Then

d(xp,xn41) <@ ad(Xn,xp11)® (1 —a)dist(A,B)
= ad<xn7~xl’l+1)

<o d(XpXn+1).
which is a contradiction. Thus
max{d (xn—1,%n),d (Xn, Xn1) } = d (Xn, Xn—1),
for all n. Therefore we have

d(xp,xnt1) <@ ad(xp—1,%,) D (1 —a)dist(A,B)

<g alad(xp—2,x,—1)® (1 —a)dist(A,B)) ®adist(A,B)
<e¢ alad(xp—2,Xn—1) ®adist(A,B))®adist(A,B)

<o alad(xp—2,%4—1) Dad(xy_2,x,—1)) Dadist(A,B)
<o a® d(xp—2,xn—1) Ddist(A,B).

Inductively, we have

d(Xn,xn11) <g d"d(x0,x1) B dist(A,B).

Therefore d(x,,x,+1) — dist(A,B). O
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Proposition 4.5. Let A and B be non-empty closed subsets of a normal complete partial
idempotent-valued metric space X. Let 7 : AUB — AUB be a cyclic contraction map, let
X0 € A and define x,; = Tx,. Suppose {x2,} has a convergent subsequence in A. Then
there exists x in A such that d(x, Tx) = dist(A,B).

Proof. Let {xy,, } be a subsequence of {x»,} converging to some x € A. Now
dist(A,B) <g d(x,x2n,—1) <q d(x,X2n,) B d (X2, , X20,—1) — dist(A,B).

Since
dist(A,B) <g d(x2,,Tx) <g d(x2p,—1,x) — dist(A,B).

Thus d(x, Tx) = dist(A,B). O

Corollary 4.6. Let A and B be non-empty closed subsets of a normal complete partial
idempotent-valued metric space (X,d) and let T : AUB — AU B be a cyclic contraction. If
either A or B is sequentially compact then there exists x € AUB with d(x, Tx) = dist(A,B).

Proof. 1t is a consequence of Proposition 4.5. O

Definition 4.7. Let A and B be non-empty subsets of a partial idempotent-valued metric
space(X,d). The ordered pair (A,B) is said to satisfy the property UC if the following
holds:

If {x,} and {z,} are sequences in A and {y,} be a sequence in B such that d(x,,y,) —
dist(A,B) and d(z,,yn) — dist(A,B) then d(x,,z,) — Ok.

Definition 4.8. Let A and B be non-empty subsets of a partial idempotent-valued metric
space (X,d). The ordered pair (A, B) is said to satisfy the property UC* if (A, B) has prop-
erty UC and the following condition holds: If {x, } and {z, } are sequences in A and {y,} is
a sequence in B satisfying:

(i) d(zn,yn) — dist(A,B) as n — oo,

(ii) For each Ok <g € there exists ny € N such that d(z,,y,) — dist(A,B) @ € for all
n > noy,

Then d(x,,z,) — Ok.

Example 4.9. Every pair of non-empty subsets A, B of a idempotent-valued metric space
(X,d) such that d(A, B) = 0 has the property UC*.

Theorem 4.10. Let A and B be non-empty subsets of a normal complete partial idempotent-
valued metric space (X,d). The ordered pair (A,B) has the property UC*. Suppose T :
AUB — AUB is a cyclic contraction map, then there exists a best proximity point x in A
(that is with d(x,Tx) = dist(A,B). Further, if xo € A and x,+1 = Tx, then {x2,} converges
to the best proximity point.
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Proof. Since the pair (A, B) has the property UC* and d (x2,,, Tx2,) — dist (A, B), d(T*x2,, Tx2,) —
dist(A,B) we have

d(xon,X2n41) — Og.

Also
d(TJCzn, TXQ,H_] ) — 01(.

We now show that for every Ox <g € there exists ng such that for all m > n > ny,
d(xom, Tx2p) <& dist(A,B) D €.

Suppose not, then there exists Ox <q € such that for all k¥ € N there exists my > n; > k for
which

dist(A,B) ® € <g d(xym, Tx2p),

this my; can be chosen such that it is the least integer greater than ny to satisfy the above
inequality. Now

dist(A,B)®€e <o d(xam,Txom,)
<g d(x2mk y X2my_ ) 2] d(x2mk4 ) sz"k)
<g dist(A,B)®e.

Hence limy, 0 d (X2, Tx2,) — dist(A, B) @ €. Consequently,

d(x2mk’ Tx2nk) <e d(xzmk 7x2mk+l) ©® d(xzmk+1 ) Tx2"k+l)

@ d(

<o  d(Xomg Xomy,,) ® ad(Xomg, Xon,) © dist (A, B)
®  d(Txon,, Txom)-

Hence

dist(A,B)De <o d*(dist(A,B)®e)Ddist(A,B)
<g (dist(A,B)@e€)Ddist(A,B)
= dist(A,B)De.

which is a contradiction. Since the ordered pair (A, B) has the property UC* then {xy, } is a
Cauchy sequence and hence converges to some x € A. From Proposition 4.5 it follows that
d(x,Tx) =dist(A,B). O
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