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Generalized 2—proximal C—contraction mappings in complete
ordered 2—metric space and their best proximity points

A. G. Sanatee, M. Iranmanesh, L. N. Mishra; V. N. Mishra

Abstract: In this paper, we extend the concept of best proximity point to 2—metric spaces
and prove the existence of such points for contraction type non-self mappings in the setting of
complete 2—metric spaces. Also, we presented an example to support our results.
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1 Introduction

There are many kinds of fixed point theorems in the literature. Some of fixed point results
for generalized contractions have been studied by L.N.Mishra et al ([4, 16, 17, 18, 21]). In
2011, Harjani et al [11] have presented some fixed point result for weakly C— contraction
mappings in an ordered complete metric space.

Let T : A— B be a non-self mapping where A, B are non-empty subsets of a metric space
(X,d).

Let T : A — B be a non-self mapping where A, B are non-empty subsets of a metric
space (X,d). Then T may not have a fixed point. In this case, d(x,7Tx) > 0 and it is
important that we find an element x € A such that d(x, Tx) is minimum in some sense. For
example the best approximation problem and best proximity problem are investigated in
this regard.

An element x € A is said to be the best proximity point of T if d(x,Tx) = d(A,B) where

d(A,B) =inf{d(x,y) :x €A,y € B}
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It is easy to check that if T is self-mapping then the best proximity problem reduces to the
fixed point problem. There are several various of contractions that guarantee the existence
of a best proximity point.

In 2013 C.Mongkolkeha, Y.J.Cho and P.Kumam [19] extended the notion of weakly
C—contraction to the case of non-self mapping and established a best proximity theorem
for this class.

In 1960-s Géhler [9] have introduced the concept of 2-metric space and extend various
notions in metric space to 2—metric space. A 2-metric on non-empty set X is a non-negative
real function o on X x X x X satisfying the following conditions:

(2M,) For two different elements a and b in X there is element ¢ in X such that 6 (a,b,c) #0,
(2M3) o©(a,b,c) = 0 when two of the three elements are equal,

(2M3) o(a,b,c) =o(a,c,b) =0c(b,c,a)

(2My4) o(a,b,c) < o(a,b,d)+oc(a,d,c)+o(d,b,c) for any d in X (rectangle inequality).

The pair (X, o) is called 2-metric space. In the prototypical example, 6(a,b,c) is the area
of triangle spanned by a,b,c.
A sequence (x,) in 2—metric space (X, o) is called convergent to x if for any a € X,

lim o(x,,x,a) =0.
n—y—+oo

(x,) is called Cauchy if for any a € X, lim,, jy—s e O (X, %,a) = 0. We say that X is com-
plete if every Cauchy sequence in X is a convergent sequence.

Several authors studied the question of fixed point theorems for mapping on 2—metric
spaces(see [1], [2], [5], [6], [7], [10], [12], [20] and [26]). In 2013, Nguyen Van Dung
and Vo Thi Le Hang [7] gave a sufficient condition for the existence of a fixed point of a
weak C-contraction on a 2-metric space. Also, in 2014 Tran Van An, Nguyen Van Dung
and Vo Thi Le Hang [2] stated a form of a fixed point theorem on metric and 2—metric
space.

Let A and B are non-empty subset of 2-metric space (X,0) and x € X then we define
0(A, B, x) as follow

6(A,B,x) =inf{o(a,b,x) | a€A,b € B}.
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Let X be a non-empty set such that (X, <) is partially ordered set and let (X, o) be 2-
metric space. Let A and B be non-empty subsets of 2-metric space (X, o). Now, we define
Ap and By as following;

Ao ={a €A | thereexists b € B, such that for any x € X; 6(a,b,x) = 0(A,B,x)}

By ={b € B | there exists a € A, such that for any x € X; o(a,b,x) = 6(A,B,x)}.

It is easy to check that if AN B # 0 then A and By are non-empty. A mapping 7 :A — B
is said to be increasing if

a) X ayimplies T(ay) <X T(ay) foralla;,a; € A.

T is said to be proximally order-preserving if it satisfies a; < az, o(u,T(a;),x) =
6(A,B,x) and c(v,T(az),x) = 6(A,B,x) then u < v, for all u,v,a;,a; € A and x € X.

Let A and B be two non-empty subsets of a 2-metric space (X,0) and T: A — B
be a non-self mapping. Clearly, if ANT(A) = 0; the fixed point equation Tx = x has
no solution. In this case, for every a € A there exists x € X such that o(a;Ta,x) > 0.
The aim of best proximity theory is to find a € A such that 6(a,Ta,x) is minimum for all
x € X and so to guarantee the existence a best proximal- point of 7', named a € X that is,
0(A,B,x) = o(a,Ta,x) for all x € X. In view of the fact that 6(a,T(a),x) > 6(A,B,x)
for all @ € A, x € X, it can be observed that the global minimum of the mapping a ——
o(a,Ta,x) is attained from a 2-best proximity point. It is easy to see that if underlying
mapping 7 is a self-mapping then the best proximity point problem reduces to fixed point
problem in 2—metric space. In this paper, we extend the notions of generalized proximal
C—contraction non-self mapping and best proximity point in metric space to the case of
2—metric space and establish a best proximity theorem for this class. An example is given
to validate the results.

2 The main results

In this section, we define the generalized 2—proximal C—contraction mapping for 2—metric
space and prove a best proximity theorem for this class.

Throughout this paper, X is complete 2—metric space that is equipped with a partial order
=.

Definition 1. Let A and B be non-empty subsets of X. A point a € A is called a 2-proximity
point of mapping T : A — B if
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6(a, T(a),x) = 6(A,B,x)
forallx € X.

Definition 2. Let A and B be non-empty subsets of X and T : A — B be a map such that
o(u,T(a1),x) =0(A,B,x) and 6(v,T (az),x) = 6 (A, B,x) whenever ay,az,u,v € A,a; = a»
and x € X. Then T is said to be generalized 2—proximal C—contraction if

0(u) < 3 (0@, 10) + 0laz,u0) (0@, vx), ol ux). (D

where 1 @ [0,40) x [0,400) — [0,+00) is continuous and non-decreasing function such
that (x,y) =0ifand only if x=y =0

Lemma 1. Let A and B be non-empty closed subsets of X such thatAy and By are non-empty.
Let T : A — B satisfy the following conditions:

(1) T is a continuous, proximally order-preserving and generalized 2—proximal C-contraction
such that T (Ag) C Bo;

(2) There exists element ap and ay in A such that ay < a; and 6(ay,Tag,x) = (A, B,x),
foreveryx € X.

Then there exists a sequence {a,} in A such that 6(a,—1,an,an+1) = 0.

Proof. By the hypothesis (2), there exist ag,a; € Ap such that ap < a; and o(a;,Tagp,x) =
o6 (A,B,x) For all x € X. Since T(Ag) C By there exists a point ay € A such that for any
xeX

o(ay,Tay,x) = 6(A,B,x). 2)

By the proximally order-preserving property of 7', we get a; < a,. continuing this process,
we can find a sequence a, in Ay such that a,,_; < a, and for every x € X

o(an,Tay—1,x) = 6(A,B,x). 3)

Having found the point a,, one can choose a point a,; € Ag such that a,, < a,+1 and for
any x € X
o(ant1,Tay,x) = 6(A,B,x). @)
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Now we prove that
G(anflyam»laan) =0.

By the condition (2M3) of definition of 2-metric space we have

cf(an—l yApt-1 7an) = G(ana an+1 7an—l)
by (3), (4) and proximally order-preserving property of 7,we have

1
G(anaanJrlaanfl) < E(G(anflaanJrlyanfl) + G(anaanaanfl))
_n(c(an—l7al’l+17an—1)76(an7an7an—l))
and so
G(aman—i—l;an—l) <0

therefore
o(an,ant+1,a,—1) =0. %)

Theorem 1. Let A and B be non-empty closed subsets of X such thatAy and By are non-
empty. Let T : A — B satisfy the conditions of Lemma 1. Then there exists a point a € A
such that for every x € X, 6(a,Ta,x) = 6(A,B,x) ( a is best proximity point for T).

Proof. Let (a,) be the sequence that we construct in proof of Lemma 1. Choose x € X
arbitrary and fix it. We have 6 (ay+1,Ta,,x) = 6(A,B,x).
Since T is a generalized 2-proximal C-contraction, for each n € N we have

—

G(anvan-l-]rx) S §<G(an—17an+lax) +G(an7an7x)) - T](G(an_l,an+1,x) G(an,an,x))
1 1
= E(O-(an—laan+17x) - T](G(an_l,an+1,x),0)) < E(O-(an—laal’l-i-]rx) <

+ G(an,an+1,x) + G(an_l,an+1,an)) - n(G(Cln_l,Cl,H_],X),O).

1
E(G(an—l 7al’l7x)

Therefore

—

1
2
(an—luan-i-han)) - n(G(a,,_l,an+1,x),0).

G<an7an+17~x) S E(G(an—lvan-i-],x) S <G<an—17an7x)+ (6)
o(an,apt1,x)+0
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By proof of Lemma 1 we have; 6(a,—1,dn+1,a,) = 0. and so by (6) we have

—

G(anaan+1ax) < E(G(anflaanax) + G(an,an+1,x)) - n(c(anfl,an,x)ao)

SO
1

Ec(anvanJrl»x) <

consequently o (ay, ay+1,x) < o(ay—1,a,,x). Therefore 6, = 6 (ay,a,+1,x) is non-increasing

sequence. Since 0, is bounded below, there exists r, > 0 such that

1
G(an,l,an,x) - n(c(an*han?x)vo) < Ec(anflvanvx)a

< o—

nngc(an,anH ,X) =Ty (7
Taking n — +oo in (6), we have
S M 0(ananx) < & (rtr) =1y
n—+oo 2
and so
ngde(an,an+1 ,X) = 2ry. ®)

Again, taking n — +oo in (6) and using (7), (8) and the continuity of 17, we get
1
rxSE(zrx):rx_n(zrxvo)er ©)]

and hence 1 (2r,,0) = 0. therefore

ngl}rlwc(anﬂ,an,x) =0 (10)
lim o(Tay,a,,x) =0. (an
n—r—+oo

Now we claim that (a,) is Cauchy sequence in 2-metric space X. Suppose that (a,) is not
Cauchy sequence. Then there exists € > 0 such that for every k € N, there exist ny, m; such
that

Ng,mg >k, rgi= 0 (amy,an %) > €, O(An—1,dm,,X) < €.

For each n € N, let o, = 6 (ap+1,a,,x) then
& S Tk S G(ank—l)amk)-x) +G(ank7ank—lv-x) + G(ank)amk7ank—l)
and so
SSrk<£+ank—1+o-(ank7ank—lyamk)- (12)
Taking K — 40 in (12); we have

lim r, = €. (13)
k—>+-o0
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On the other hand; we have

Iy = G(ank,amk,X> < G(amk+1aamkax) + G(Clnk,akarl,)C) + G(ank;amk;akarl) =

n(xmk + G(ankyamk+l 7x) + G(Clnkaamk’akarl) S G(amkaamk+17x) + G(aﬂkaamkax)

(14)
+ G(ank7amk+17amk) + amk + G(amk,amk+1,ank) = G(amk)amk+l ,X)+
G(ank7amk7x) + 2G(amkaamk+17ank) + amk = 2amk + Tk + 2G(amk7amk+lvank)
Taking k — o0 in (14), we get
€ < 0(an, amy11,X) < €
and so
lim o (ay,,am,+1,x) = €. (15)
k—+-o0
In the same way, we can prove that
lim o (am,,an+1,X) = €. (16)
k—r—oo0
On the other hand, by the construction of a,, we may assume that a,,, < a,, such that
G(ank+laankax) = G(AvBax)v (17)
O (Amy+1,0am, ,x) = 6(A,B,x). (18)

By rectangle inequality, (17), (18) and the generalized 2—proximal C-contraction of 7', we
have

€ <rp=0(am,an,,x) < O(Amt1,n,X) + (A, Amp11,X) + O (Amy, Ay s Ay 41)
= Oy + O-(amk+l?ank’x) + G(amkvank>amk+l) < G(ank+l7ank7x)+
G(amk+laank+l ax) + G(amk+lvank7amk+l) + Oy, + O-(amk’ ank’amk+l) <

Oy, + Oy + O (@, Ayt1, 1) + O (A Ay 15 A1) + O (i, Ay 1)+

1

5 [G(ank)amk-i-l ,X) + G(amwank-i-hxﬂ - T[(G(ank,amkﬂ ,.X), G(amk)ank-l-l ,X)).

Taking k — 40 in above inequality and by (10), (11), (13), (14) and the continuity of
N, we have

e<—(e+e)—n(ee)<e

| =
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SO
and hence

which is a contradiction with € > 0.
Since A is a closed subset of the complete 2-metric space X, there exists a € A such that
a, — a. Letting n — 40 in (4), by continuity of T'; it follow that

o(an,Tay,x) = 6(A,B,x).

Corollary 1. Let A and B be non-empty closed subsets of X such thatAg and By are non-
empty. Let T : A — B satisfies the following conditions:

(1) T is a continuous, increasing such that T (Ag) C By.

(2) If for all ay,ax,u,v € A, and x € X, it satisfies a; =< ap, 6(u,T(a;),x) = 6(A,B,x)
and o(u,T(ay),x) = 6(A,B,x)

o(u,v,x) < a(o(a,v,x)+ o(az,u,x)) (19)
where o € (0,1).
(3) For every x € X there exist elements ag and a| in Ag such that ay = a; and

o(ai,Tap,x) = 6(A,B,x).

Then there exists a point a € A such that
o(a,Ta,x) = 6(A,B,x).
Moreover, for any fixed point ag € Ao, the sequence a, defined by
o(ans1,Tay,x) = 6(A,B,x)

convergence to point a.
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Proof. o € (0,71) define 7 as follow

Mla,b) = (5~ a)(a+b)

it follows
N(a,b)=0 ifandonlyif a=b=0

and we have

1 1 1
E(a—i-b)—n(a,b) = §(a+b)—(§—a)(a+b) =o(a+D).

So equation (1) becomes equation (19). So T satisfy the conditions of Theorem 1 and hence

we obtain the Corollary 1. 0

The following example support the main result of our paper or the choice is of authors.

Example 1. Let X = {0,2,4}, A={0,2}, B={0,4} and © be a2—metric on X defined by
o(x,y,z) =min{|x—y|, |x—z|, [y—z|}.
Suppose the mappin T : A — B be defined as follow
T(0)=0, T(2) = 4.

It is easy to check that Ay = {0}, By = {0}. T satisfy in conditions of corollary 1 and we

have
6(0,7(0),x) =0(A,B,x) =0

for every x € X. So 0 is best proximity point for T.
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