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Some New bounds on the Delta and Reverse Zagreb
Indices
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Abstract: In this paper relationships between the first Zagreb index and delta (reverse)
first Zagreb index are derived. Also some new bounds for these topological indices are
obtained.
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1 Introduction

Let G = (V,E), V. = {v1,va,...,v,}, be a simple graph with n vertices, m edges
with vertex—degree sequence A = dy > dy > -+ > d,, = 0, d; = d(v;). If vertices
v; and v; are adjacent in G, we write ¢ ~ j, otherwise we write ¢ ~ j. As usual, G
denotes complement of the graph G.

Vertex—degree—based topological indices can be represented in the following form

[11]
TI(G) =) F(di,dy), (1.1)

i~vg

where F(z,y) is an appropriately chosen function with the property F(z,y) =
F(y,z). Let f be a function of the set D = {dy,ds,...,d,} into the set of non-
negative real numbers. Then a class of vertex—degree-based topological indices,
defined by (1.1), can be extended in the following way

TIj(G) =Y F(f(di), f(dy))- (1.2)

i~vJ
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In this paper we will consider the case when F(z,y) is an additive function,
F(z,y) = = +y (see, for example, [5]). In that case (1.2) becomes

TIfG) =Y (f(di)+ f(dy)) = dif (ds). (1.3)
=1

i~vg

Here we mention some particular cases. When f(z) = x, we get

My(G) = (di + d) Zd

ZN_]

the first Zareb index [12]. It is one of the most popular and most extensively studied
graph—based molecular structure descriptors. More on its mathematical properties
and chemical applications can be found in [2,13,14,21] and in the references cited
therein. Additive form of this index was introduced in [21].
Various modifications of the first Zagreb index have been proposed. For f(x) =
—d0+1,x € D, from (1.3) we have

IMY(G) =Y (si+s) = Zd i, (1.4)

i~

where
s;i=d; —6+1, i=1,2,...,n, (1.5)

which is known as delta first Zagreb beta index [17]. In the same paper, delta first
Zagreb alpha index, IM{(G), was encountered as well. It was conceived as

SM{(G) = s}, (1.6)
For f(x) = A —x+1, x € D, based on (1.3) we have

RMiB(G) = Z ¢ + ¢;) Zd Ciy (1.7)

i~g

where
=A—d;+1, 1=1,2,...,n, (1.8)

is the so called reverse first Zagreb beta index [7] (see also [8,9]). Also, in these
papers reverse first Zagreb alpha index, RM{(G), was defined as

RMYMG) = Zn: cz. (1.9)
=1
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A concept of coindex of a graph was introduced in [6] (see also [1]). In this
case the sum runs over the edges of the complement of G. In a view of (1.3) the
corresponding coindex of G can be defined as

n

TI;(G) = Z(f(di) + f(d;)) = Z(” —1—d;)f(ds).

ivj i=1
For f(x) = z the first Zagreb coindex, M1(G), is obtained (see [1,6])

n
Mi(G)=> (n—1-dy)d;. (1.10)
i=1
By analogy with the first Zargeb coindex, delta first Zagreb beta coindex, Wf(G),
and reverse first Zagreb beta coindex, RM f(G), are defined as

n

SMY(Q) = (sits) = (n—1-ds; (1.11)

inj i=1

and "
RMI(G) =Y (cite) =Y (n—1—dye. (1.12)

] i=1

In this paper we investigate a relationships between the first Zagreb index and
delta (reverse) first Zagreb index. Some new bounds for these topological indices
are obtained, as well.

2 Preliminaries

At the beginning we recall some analytical inequalities for real number sequences
which will be used in the rest of the paper.
In [15] (see also [18]) the following result was proven.

Lemma 2.1. [15] Let p = (p;), i = 1,2,...,n, be positive real number sequence,
a = (a;) and b = (b;), i = 1,2,...,n, be nonnegative real number sequences. If
a = (a;) and b = (b;) are of similar monotonicity, then

n n n n
D_pi ) piaibi =} piai y pibi. (21)
i=1  i=1 i=1 i=1
If a = (a;) and b = (b;) are of opposite monotonicity, then the opposite inequality
holds. Equality holds if and only if a1 =as =---=a, orby =by=--- = by,.

The inequality (2.1) is known in the literature as Chebyshev’s inequality. More
on this inequality can be found, for example, in [19].
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Lemma 2.2. [20] Let p = (pi), i = 1,2,...,n, be as sequence of nonnegative real
numbers and a = (a;), 1 = 1,2,...,n, sequence of positive real numbers. Then, for
anyr, r <0 orr>1, holds

n =1 p n r
(Zl%) > piaf > (Zp;‘%) : (2.2)
i=1 i=1 =1

When 0 < r < 1 the opposite inequality is valid. FEquality holds if and only if

eitherr =0, orr =1, ora; = as = -+ = ap, 07 P = p3 = --- = p = 0 and
g4l = "+ = Qp, OV Pip1 = -+ = pp = 0 and a1 = a2 = -+ = a¢, for some t,
1<t<n-—1.

The inequality (2.2) is known as Jensen’s inequality. Original form of this in-
equality was proven in [16].

3 A relationship between First Zagreb indices/coindices of graphs
In this section we consider relationships between the first Zagreb indices (coindices)
introduced in Section 1.
Lemma 3.1. For every graph G with the property 6 = 1 holds

M, (G) = 6M{(G) = MY (). (3.1)

Proof. If G is a graph such that § = 1, then for any ¢ = 1,2,...,n we have that
si = d;, from which directly follows (3.1). O

In general, equalities in (3.1) do not hold. In another cases we have the following
result.

Lemma 3.2. Let G be a graph with n > 2 vertices and m edges. Then

SM{(G) = My (G) —4m(5 — 1) +n(6 — 1), (3.2)
SMP(G) = My(G) —2m(8 — 1) (3.3)

and
SMP(G) = 6MP(G) + 2m(6 — 1) — n(8 — 1) (3.4)

Proof. According to (1.6) and (1.4) we have
SM (G Zs-Zd—(S—i—l idz—Qd -1+ (6—1)?
= M1(G) —1471n(5 1) +n(8 ZT)IQ,
SMP(G) = (si + 55) Zd si = Zn:di(di —6+1) = M(G) —2m(6 — 1),

i~j

which is stated by (3.2) and (3.3), and (3.4) follows directly from (3.2) and (3.3). O
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Corollary 3.1. Let G be a graph with n > 2 vertices and m edges. Then
SM{(G) < 2m(A — 5 +2) +n((6 — 1)? — AS)

and

SMP(G) < 2m(A + 1) — nAd.
Equalities hold if and only if d; € {A,d} for everyi=1,2,...,n.
Proof. In [3] the following inequality was proven
M (G) < 2m(A +6§) — nAd, (3.5)

with equality if and only if d; € {A,d} for every i = 1,2, ..., n. From the above and
(3.2) and (3.3) we get the desired results. O

Corollary 3.2. Let G be a graph with n > 2 vertices, m edges with the property
0 =1. Then
SM{(G) = MP(G) < 2m(A 4+ 1) — nA.

Equality holds if and only if d; € {A,1} for everyi=1,2,...,n.
The proof of the next lemma is analogous to that of Lemma 3.2, hence omitted.

Lemma 3.3. Let G be a graph with n > 2 vertices and m edges. Then

RMY(G) = My (G) — 4m(A + 1) + n(A +1)2, (3.6)
RMP(G) = 2m(A +1) — My(G) (3.7)

and
RM{(G) + RMP(G) = n(A +1)% — 2m(A +1). (3.8)

Lemma 3.4. Let G be a graph with n > 2 vertices and m edges. Then
SM{(G) — RM{(G) = (A — 6 4 2)(4m — n(A +0)),
SM{(G) + RMP(G) = 2m(A — 26 + 3) +n(6 — 1)?,
SMP(G) — RM{M(G) = 2m(2A — 6 + 3) — n(A + 1),
SMP(G) + RMP(G) = 2m(A — 6+ 2).

In the following lemma we determine a relationship between sequences s = (s;)
and ¢ = (¢;), i =1,2,...,n, defined by (1.5) and (1.8), respectively.

Lemma 3.5. For everyi=1,2,...,n holds
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Proof. For every i = 1,2,...,n the following is valid

ci=c¢(G)=A—-di+1=n—-1-di—(n—1—-A)+1

=d;(G) = 0(G) + 1 = 5i(G) =5,
which is desired result. O

The equality (3.9) enables us to obtain Nordhaus—Gaddum type identities (see
[22]) for topological indices RM{(G) and RMlﬁ(G), ie. IM{Y(G) and (5M15(G).

Lemma 3.6. Let G be a graph with n > 2 vertices and m edges. Then

RM{(G) + RM{(G) = dM{(G) + dM{(Q) (3.10)
=2M1(G) — 4m(A +6) + n((A+1)* + (6 — 1)?) '
and
RMP(G) + RMP(G) = 6MP(G) + 6MP(G) = 2m(A — 6 +2). (3.11)
Proof. Based on (3.9) we have
SM{(G) =) st =) ¢ =RMG)
i=1 i=1
and B
MY (G) = (si+5;) = 3 (€ +7) = RMT(G),
inj inj
from which it follows
RM{(G) 4+ RM{(G) = 6M{(G) + M (G) = RM{(G) + M (G)
and
RM(G) + RM{(G) = 6M{(G) + 6M{ (G) = RM{(G) + 6M{ (G).
From the above and (3.2), (3.3), (3.6) and (3.7) we get the desired results. O

Corollary 3.3. Let G be a graph with n > 2 vertices and m edges. Then
RM(G) + RMY(G) = MX(G) + MX(G) < n((A+1)%+ (6 — 1)% — 2A0).

Equality holds if and only if d; € {A,0} for everyi=1,2,...,n.

Proof. The desired result immediately follows from (3.10) and (3.5). O

The following relation between the first Zagreb index and coindex was deter-
mined in [4].
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Lemma 3.7. [4] Let G be a graph with n > 2 vertices and m edges. Then
M1(G) + M1 (G) = 2m(n — 1).
Similarly, for 6M? (G) and RM(G) the following is valid.
Lemma 3.8. Let G be a graph with n > 2 vertices and m edges. Then
SML(G) + 6MP(G) = (n — 1)(2m — n(6 — 1))

and

RMY(G) + RMP(G) = (n— 1)(n(A +1) — 2m).

4 Some new bounds on the reverse first Zagreb indices

In the next theorem we determine an upper bound for RMlﬂ (G) in terms of graph
structural parameters n, m, A and J.

Theorem 4.1. Let G be a graph with n > 3 vertices and m edges. Then

2m— A =0)(n(A+1)—2m — (A -35+2))
n—2

RMP(G) < A+6(A—6+1)+( . (4.1)

Equality holds if and only if do =d3 =+ = dp_1.

Proof. If a = (a;) and b = (b;), i = 2,3,...,n — 1, are of opposite monotonicity,
then (2.1) can be considered in the following form

n—1 n—1 n—1 n—1
> oY piaibi < piai Y pibi.
i—2 =2 i—2 =2

Since (d;) and (¢;), ¢ = 2,3,...,n — 1, are of opposite monotonicity, for p; = 1,
a; =d;, by =c¢;,1=2,3,...,n— 1, the above inequality becomes
n—1 n-—1 n—1 n—1

1Y dic <> di > e,
i=2 :

i

Il
¥
-
[l
)
Il
¥

i

i.e.

(n - 2) (Z dici — d161 — dncn) S (Z dl — d1 — dn) (Z C; —C1 — Cn> . (4.2)
=1 i=1 =1

Since
n

ddi=2m, di=A, dy=4,
=1



60 S. B. Bozkurt Altindag, M. Mateji¢, S. Stankov, E. Milovanovié, I. Milovanovié

and

ci=» (A-di+1)=n(A+1)—2m, =1 c,=A-6+1, (4.3)
1

=1 =

from (4.2) it follows
(n—2)(RMiB(G)—A—6(A—5+1)) <(2m—-A-0)(n(A+1)—2m—-1—-(A—-d5+1)),

from which we get (4.1).
Equality in (4.2) holds if and only if do = d3 =--- =dp_1 0or cg =c3 = -+ =
¢n—1, therefore equality in (4.1) holds if and only if do = d3 = -+ = dp—1. O

The proof of the next theorem is analogous to that of Theorem 4.1, hence omit-
ted.

Theorem 4.2. Let G be a graph with n > 3 vertices and m edges. Then

(n(A+1)—2m—(A—5—|—2))2.

RMYG) > 1+ (A—-6+1)*+ —

Equality holds if and only if do =d3 =+ = dp,—1.

The forgotten topological index, F(G), encountered in [10] is defined as

&= d.
=1

In the next theorem we determine an upper bound for RMiB (G) in terms of
topological indices M;(G) and F(G) and parameters n, m and A.

Theorem 4.3. Let G be a simple graph with n vertices and m edges. Then

RM(G) < min { /(n(A+1) = 2m) (A + )M (G) - F(G)) o

V2m(F(G) = 2(A+ 1M (G) + 2m(A + 1)2)} :
Equality holds if and only if G is a regular graph.

Proof. For r = 2, p; = ¢;, a; = d;, i = 1,2,...,n, the inequality (2.2) transforms

into )
ZciZcid? > (Z dicz-> . (45)
i=1 =1 i=1

n

Zczd2 > (A —di+1)d} = (A+1)M(G) - F(G),
=1

Since



Some new bounds on the delta and reverse Zagreb indices 61

from (4.5) it follows

RMP (@) < /(n(A+1) —2m)((A + )M, (G) — F(Q)). (4.6)

Equality in (4.5) is attained if and only if d; = d2 = --- = d,,, which means that
equality in (4.6) holds if and only if G is a regular graph.
Similarly, for r = 2, p; = d;, a; = ¢;, i = 1,2, ..., n, the inequality (2.2) becomes

n

2
ZdZZdZA di +1 (qu> . (4.7)

Since

Zn:d@-(A —d; +1)* = F(G) — 2(A + 1) M1 (G) + 2m(A + 1)?,
1=1

and from (4.7) it follows

RMP(G) < \/2m(F(G) — 2(A + 1)M1(G) + 2m(A + 1)2). (4.8)

Equality in (4.7) is attained if and only if ¢; = ¢ = --- = ¢, which means that
equality in (4.8) holds if and only if G is a regular graph.

Finally, from (4.6) and (4.8) we arrive at (4.4). O

In a similar way as in case of Theorem 4.3, we obtain the next result.
Theorem 4.4. Let G be a graph with n > 3 vertices and m edges. Then
RM{(G) <1+ (A —6§+1)2
+V((A+1)—2m— (A —5+2))
X /(n(A+1)3 —6m(A+1)2+3(A+1)M(G) - F(G) —1— (A -5 +1)3).

Equality holds if and only if do =ds = -+ = dp_1.

The next two theorems directly follow from definitions of topological indices
RM?(G) and RMY(G).

Theorem 4.5. Let G be a graph with n vertices and m edges. Then

max{2m,d(n(A+1)—2m)} < RMlﬁ(G) < max{2m(A—-0+1),A(n(A+1)—2m)}.

Equalities hold if and only if G is a reqular graph.

Theorem 4.6. Let G be a graph with n vertices and m edges. Then
n(A+1)—2m < RM?(G) < (A=5+1)(n(A+1)—2m).

Equalities hold if and only if G is a regular graph.
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