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Bounds for the reverse (delta) first Zagreb indices

E. Milovanovié, I. Milovanovié¢, M. Mateji¢, S. Stankov
S. B. B. Altindag

Abstract: Let G = (V, E) be a simple connected graph with n > 2 vertices and m
edges. In the literature four vertex—degree—based topological indices are associated
to topological index, known as the first Zagreb index, based on the modification of a
sequence of degrees. In this paper we study relationships between these topological
indices and establish some new bounds.
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1 Introduction

Let G = (V,E), V = {v1,va,...,v,}, be a simple connected graph with n vertices, m
edges with vertex—degree sequence A =dy > ds > -+ > d,, =6, d; = d(v;). If vertices
v; and v; are adjacent in G, we write ¢ ~ j, otherwise we write 7 ~ j.

In graph theory, a graph invariant is property of the graph that is preserved by
isomorphisms. The graph invariants that assume only numerical values are usually
referred to as topological indices in chemical graph theory. Hundreds of various topo-
logical indices have been introduced in mathematical chemistry literature in order to
describe physical and chemical properties of molecules (see for example [19-21]). Many
of them are defined as simple functions of the degree sequence of (molecular) graph.
Most of the degree-based topological indices are viewed as the contributions of pairs
of adjacent vertices. These type of indices are also known as the bond incident degree
(BID in short) indices [22]. Various mathematical properties of topological indices have
been investigated, as well.

The first Zagreb index, M7 (G), is the oldest and most thoroughly examined vertex—
degree—based topological index. It is defined as sum of squares of vertex degrees [12],
that is

M(G) =) d;. (1.1)
i=1
It is known that M;(G) can be also represented as [18]

M(G) =) (di +dy) (1.2)
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The first Zagreb index became one of the most popular and most extensively studied
graph-based molecular structure descriptors. More on its mathematical properties and
chemical applications can be found in [3,4,13,14,18] and in the references cited therein.

The inverse degree index of graph G without isolated vertices is defined as the sum
of reciprocal of vertex degrees of the graph [11]

w@:ii
i=1 ¢

The inverse degree first attracted attention through conjectures of the computer pro-
gram Graffiti [11].
A new vertex—degree-like sequence was introduced in [16] as A —d+1 =57 > 59 >
--- > 58, =1, where
S; :Sl(G) =d; —0+1, (13)
for i = 1,2,...,n. Then, by analogy with (1.1), the delta first Zagreb index was put

forward as
n

DM (G) = _s7. (1.4)

i=1
Another vertex—degree—like sequence, 1 = ¢y < ¢y <---<c¢, =A — 95+ 1, where

for i = 1,2,...,n was introduced in [8] (see also [9,10]). By analogy with (1.1) and
(1.2), new graph invariants named as reverse first Zagreb alpha index, RM{(G), and
reverse first Zagreb beta index, RMP (G), were defined as

RMf‘(G):zn:cf and RM{(G) = (ci +¢)). (1.6)

i=1 inj

In the light of the above, delta first Zagreb index defined by (1.4) could be called
delta first Zagreb alpha index and denoted by

DM} (G) = DMy (G),
and delta first Zagreb beta index, DMlﬁ (@), could be defined as
DM (G) = (si+ ). (1.7)
inj
One can easily see that the following identities hold (see, for example, [1,7])
DMlﬁ(G) = Z(Sz + S]‘) = Zdisi and RMf(G) e Z(Ci + Cj) e Zdici. (18)
inj i=1 inj i=1

The concept of coindices was introduced in [6](see also [2]). In this case the sum
runs over the edges of the complement of G. In a view of (1.2), the corresponding first
Zagreb coindex of G is defined as

My(G) = (di+dj).

1]
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Analogously, delta first Zagreb beta coindex, DM f (G), and reverse first Zagreb beta
coindex, RM f(G), are defined as

Wf(G):Z(Si—l—Sj) and W‘f(c)zz(qﬂj). (1.9)

In [5] a relationship between the first Zagreb index and delta (reverse) first Zagreb
index was considered. In the present paper we establish bounds for delta and reverse
first Zagreb indices in terms of ID(G) and some basic graph parameters.

2 Preliminaries

At the beginning we state one analytical inequality for real number sequences which
will be used in the rest of the paper.

Lemma 2.1. [17] Let p = (p;), i = 1,2,...,n, be a sequence of nonnegative real numbers
and a = (a;), 1 = 1,2,...,n, sequence of positive real numbers. Then, for any r, r <0 or
r > 1, holds

n r=1 5 n T
<ZP1> Zpiaf > (Zpiai> : (2.1)

When 0 < r <1 the opposite inequality is valid. Equality holds if and only if either r = 0,
orr =1, 0ra =ay=---=ap, orp; =py=---=p =0 and ag41 = -+ = ay, or
Pey1=-=pp=0anda; =ay=---=ay, for somet, 1 <t <n-—1.

The inequality (2.1) is known in the literature as Jensen’s inequality. Original form
of this inequality is proven in [15].
3 Main results

In the next theorem we determine a lower bound for RMlﬁ (@) in terms of topological
index ID(G) and parameters n, m and A.

Theorem 3.1. If G is a d-regular graph with n > 2 vertices, then
RMP(G) = nd.

If G is connected, non—regular graph with n > 3 vertices and m edges, then

A —2m)?

ME(G) > om 4 A2 1
RM(G) = 2m+ X506y —n (3.1)
Equality holds if and only if A = dy = --- = dy > dpy1 = -+ = d, = 9, for some t,
1<t<n-—-1.

Proof. Forr =2, p; = Cidjl, a; =d;, 1 =1,2,...,n, the inequality (2.1) becomes

n

> LS e - 1)di > (Z(Ci - 1)) . (3.2)

i=1 i=1 i=1
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Since

n

Zcic;l :iA;di = AID(G) —n,
1 i=1 (3

i=1

from (3.2) it follows
(AID(G) — n)(RM? (G) — 2m) > (nA — 2m)2. (3.3)

If G is not regular graph, then AID(G) —n > 0, therefore according to (3.3) we obtain
(3.1).

If G is not regular graph, then equality in (3.2) holds if and only if ¢y = -+ =¢; = 1
and dyyq = --- =d,, =0, for some t, 1 <t < n — 1. Therefore equality in (3.1) holds if and
onlyif A=dy=---=dy>dyy1=--=d, =6, forsomet, 1 <t<n-—1. O

Corollary 3.1. Let G be a connected graph with n > 2 vertices and m edges. Then
RMP(G) > nAs —2m(5 —1). (3.4)

Equality holds if and only if A = dy = -+ = dy > dieq = -+ = dy, = 6, for some t,
1<t<n-—1.

Proof. For every i =1,2,...,n, it holds

(di = 0)(A —d;) >0, (3.5)
that is SA
d; + - < A+ 0.
After summation the above inequality over i, ¢ = 1,2,...,n, we get
IAID(G) < n(A +9§) —2m,
ie. A9
AID(G) —n < %

From the above and (3.1) we arrive at (3.4).

Equality in (3.5) holds if and only if d; € {A,§} for every 4, i = 1,2,...,n. If G is a
regular graph, then equality in (3.4) is attained. Finally, equality in (3.4) holds if and only
fA=di=---=d; >dyy1=---=d, =06, forsomet, 1 <t<n-—1. O

Corollary 3.2. Let G be a connected graph with n > 2 vertices with the property 6 = 1.
Then
RM?(G) > nA.

Equality holds if and only if A = dy = -+ = dy > dyy1 = -+ = d, = 1, for some t,
1<t<n-—1.
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Corollary 3.3. Let G be a connected, non—reqular graph with n > 3 vertices and m edges.
Then

A —2m)?
MY <n(A+1)%=2(A+2)m— (ni .
RME(G) € n(A+ 12 = 2(8+ 2m - X (36)
Equality holds if and only if A = dy = --- = dy > dyy1 = -+ = d, = 0§, for some t,
1<t<n—-1.
Proof. From (1.6) and (1.8) we have that
RM{(G) + RM}(G) = Zcf + Z:(cZ +¢j) = Zcf + Zdici = Z(Cl +d;)c;
i=1 inj i=1 i=1 i=1
=(A+1)) i =(A+1)(n(A+1)—2m),
i=1
ie.
RM{(G) = (A +1)(n(A+1) — 2m) — RMP(G). (3.7)
From the above and (3.1) we arrive at (3.6). O
Corollary 3.4. Let G be a connected graph with n > 2 vertices and m edges. Then
RM{(G) < n((A+1)% — AS) —2m(A -6 +2). (3.8)
Equality holds if and only if A = dy = -+ = dy > dyy1 = -+ = d, = 0§, for some t,

1<t<n-1.

Corollary 3.5. Let G be a connected, non—reqular graph with n > 3 vertices and m edges.
Then

778 (nA — 2m)?
M < -D(A+1)-2m) — ———~——. .
RN (6) < n(n = (A + 1)~ 2m) — o (39)
Equality holds if and only if A = dy = --- = dy > dyy1 = -+ = d, = 9, for some t,
1<t<n—-1.
Proof. From (1.8) and (1.9) we have that
RM. (G) + RMP(G) = dn—1-djei+> dici=(n—-1)> ¢
i=1 i=1 i=1 (3.10)
=(n-1)n(A+1)—2m).
From the above and (3.1) we get (3.9). O
Corollary 3.6. Let G be a connected graph with n > 2 vertices and m edges. Then
R, (G) < n(n— 1)(A + 1) — 2m(n — ) — nAd.
Equality holds if and only if A = dy = --- = dy > dey1 = -+ = d, = 09, for some t,

1<t<n-—1.

Proof. The desired result follows from (3.10) and (3.4). O
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Corollary 3.7. Let G be a connected, non—reqular graph with n > 3 vertices and m edges.

Then (nAA 2
8 < s (nA—2m)®
DM} (G) <2m(A—-d§+1) ATDG) —n'
Equality holds if and only if A = dy = --- = dy > dgy1 = -+ = d, = 9, for some t,
1<t<n-—1.
Proof. The following identity is valid
B B — - (s N — —
RM{(G)+ DM{(G) =Y di(ci+5i) = 2m(A =6+ 2). (3.11)
i=1
From the above identity and (3.1) we obtain the desired result. O

Corollary 3.8. Let G be a connected graph with n > 2 vertices and m edges. Then

DMP(G) < 2m(A + 1) — nAS.

Equality holds if and only if A = dy = --- = dy > dpy1 = -+ = d, = 9, for some t,
1<t<n-—1.
Proof. The desired result follows from (3.11) and (3.4). O

Theorem 3.2. If G is connected, non—regular graph, with n > 3 vertices and m edges, then

2m — né)?

DME(G) > 2m 4 B 1O)S 12
HG) = 2m TG (3.12)
Equality holds if and only if A = dy = --- = dy > dyy1 = -+ = d, = 9, for some t,

1<t<n-1.

Proof. Forr =2, p; = Sidfl, a; =d;, 1 =1,2,...,n, the inequality (2.1) becomes

Z Sd_ ! Y di(si — 1) > (Z(si - 1)> . (3.13)

Since

Xn:dl(sz -1) = ; disi — zn:dl =DM (G) —2m,
i=1 =1 =1

i(sz_l) = i(di—é) =2m —nd,

=1 =1

from (3.13) it follows that

(n— 861D(G)(DMP(G) — 2m) > (2m — nd)?.
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Since G is non-regular graph, it holds that n — I D(G) > 0, from the above inequality we
arrive at (3.12).

Equality in (3.13) holds if and only if A =dy =--- =d; and sy = --- = s, = 1, for
some t, 1 <t < n — 1. This implies that equality in (3.12) holds if and only if A = d; =
coe=dp>dyypr=--=d, =6, forsomet, 1 <t<n-—1. O

Corollary 3.9. Let G be a connected, non—regular graph, with n > 3 vertices and m edges,
then

2m — nd)?
R - Lo |
DM} (G) 2 n(6 —1)° = 2m(5 = 2) + = STDC) (3.14)
Equality holds if and only if A = dy = --- = dy > dpy1 = -+ = d, = 9, for some t,
1<t<n—-1.
Proof. Since
DM{ —DM{(G) = Y disi— Y s2=) s(6—1)=
i=1 i=1 i=1
= (6-1)(2m—n(0-1)),
that is
DM (G) = DM{B)(G) — (5 — 1)(2m — n(6 — 1)).
From the above identity and (3.12), the inequality (3.14) is obtained. O

Corollary 3.10. Let G be a connected, non—reqular graph, with n > 3 wvertices, m edges
and § = 1. Then

(2m —n)?
M > 2 _—
1(G) > m+n—ID(G)
Equality holds if and only if A =dy = -+ =dy > dyy1 = --- =d,, =6 = 1, for some t,

1<t<n—-1.

Corollary 3.11. Let G be a connected, non—regular graph, with n > 3 vertices and m edges.
Then

3 (2m — nd)?
< — D —nm—1 1) -
DM, (G)<2m(n—2)—n(n—1)(6 — 1) W= oID(G)
Equality holds if and only if A = dy = -+ = dy > dyy1 = -+ = d, = 0§, for some t,

1<t<n-1.

In the following theorem we establish an upper bound for RMi8 (G) in terms of
ID(G) and graph parameters n, m, A and 9.

Theorem 3.3. If G is connected, non—reqular graph with n > 3 vertices and m edges, then

(2m — nd)?

RMP(G) <2m(A—5+1) — o 3TD(C)"

(3.15)

Equality holds if and only if A = dy = -+ = dy > digq = -+ = dy, = 6, for some t,
1<t<n-—1.
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Proof. For r = 2, p; = %, a; = d;, i = 1,2,...,n, the inequality (2.1) transforms
into
2
n A_s+1— ’ n n
Z%Z(A—é—i—l—q)diz (Z(A—&—i—l—ci)) : (3.16)
i=1 i i=1 i=1
Since

ST(A=5+1—¢)d; = 2m(A -6+ 1) - RM{(G),
i=1

S (A=6+1—c¢)=> (di—05)=2m—n,

=1 i=1

from (3.16) it follows
(n — 6ID(G))(2m(A — 6 +1) — RMP(@)) > (2m — nd)>. (3.17)

If G is not regular graph, then n — 6ID(G) > 0, therefore according to (3.17) we obtain
(3.15).

If G is not regular graph, then equality in (3.16) holds if and only if A =d; =--- = d;
and ¢i41 = -+ =¢, = A =0+ 1, for some ¢, 1 <t < n—1. Therefore equality in (3.15)
holdsifand only if A=dy=---=d; >dy1=--=d, =0, forsomet, 1 <t<n-—-1. [»0O

Corollary 3.12. If G is connected, not reqular graph with n > 3 vertices and m edges, then

2m — nd)?

MO(G) = n(A +1)% — 2m(28 — 6+ 2) 4 L2m—1O)

RMF(G) = (A -+ 1 ~ 2m(28 = 6-+2) 4 =00

Equality holds if and only if A = dy = --- = dy > dpy1 = -+ = d, = 9, for some t,
1<t<n-—1.

Proof. The desired result follows from (3.7) and (3.15). O

Corollary 3.13. If G is connected, not reqular graph with n > 3 vertices and m edges, then

S (2m — nd)?
> — — — -
RM{(G) >nn—1)(A+1)—2m(n+ A 5)+n—5ID(G)
Equality holds if and only if A = dy = --- = dy > dpy1 = -+ = d, = 0§, for some t,

1<t<n-—-1.

In the next theorem we determine an upper bound on DM1B (G) in terms of ID(G)
and parameters n, m and A.

Theorem 3.4. Let G be a connected, non—regular graph, with n > 3 vertices and m edges,
then

A —2m)?

DM? <2m(A — 1 _(717. 1
7(6) < 2m(A =5+ 1) - (3.15)
Equality holds if and only if A = dy = -+ = dy > dieq = -+ = dy, = 6, for some t,

1<t<n-—1.
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Proof. Forr =2, p; = W, a; =d;, i =1,2,...,n, the inequality (2.1) becomes

2
n A— 1_ . n n
Z%Z(A—é—i—l—si)diz (Z(A—é—&—l—si)) . (3.19)
i=1 i i=1 i=1

Since

i—1 i i—1 g

Xn:(A—d—Fl—Si)di =
i=1
i(A—(S-Fl—Si)

i=1 i

(A =6+ 1)d — > disi = 2m(A — 5+ 1) - DM{(G),

1 i=1

NE

-
Il

(A —d;) =nA —2m,

|

Il
—

from the above identities and (3.19) we obtain that
(AID(G) —n)(2m(A — 6 +1) — DM (G)) > (nA —2m)?.

Since G is not regular, it holds that AID(G) —n > 0, from the above inequality we arrive
at (3.18).

Equality in (3.19) holds if and only if A—d+1 =81 =---=s;and dy11 = -+~ =d,, =6,
for some t, 1 < t < n — 1, which implies that equality in (3.18) holds if and only if
A=di=-=d;>dgy1=--=d, =6, forsomet, 1 <t<n-—1. O

Corollary 3.14. Let G be a connected, non—regular graph, with n > 3 vertices and m edges,
then

DM (@) < 2m(A +1) —nAd. (3.20)

Equality holds if and only if A = dy = -+ = dy > dyy1 = -+ = d, = 0§, for some t,
1<t<n-1.

Corollary 3.15. Let G be a connected, non—reqular graph, with n > 3 vertices and m edges
and § = 1. Then
M(G) <2m(A+1)—nA.

Equality holds if and only if A =dy = -+ =dy > dey1 = -+ =d, =6 =1, for some t,
1<t<n-—1.

Corollary 3.16. Let G be a connected, non—reqular graph, with n > 3 vertices and m edges.
Then

=770 (nA — 2m)?
> —A+6-2)—n(n— D
DM,"(G)>2mn—A+4+6-2)—nn—-1)(0 — 1) DG —n
Equality holds if and only if A = dy = --- = dy > dyy1 = -+ = d, = 0§, for some t,

1<t<n-1.

Corollary 3.17. Let G be a connected, non—regular graph, with n > 3 vertices and m edges.
Then
DML (G) > 2m(n— A —2) — n((n—1)(6 — 1) — AS) .

Equality holds if and only if A = dy = -+ = dy > digq = -+ = dy, = 6, for some t,
1<t<n-—1.
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Corollary 3.18. Let G be a connected, non—regular graph, with n > 3 vertices and m edges
and § = 1. Then o
Mi(G) > 2m(n— A —2)+nA.

Equality holds if and only if A =dy = -+ =dy > dyy1 = -+ =d, =6 =1, for some t,
1<t<n-—1.

Corollary 3.19. Let G be a connected, non—regular graph, with n > 3 vertices and m edge.
Then

A —2m)?

o < B 2 (n ]

DM (G) <2m(A —25+2)+n(d—1) AID(G) —n

Equality holds if and only if A = dy = -+ = dy > dip1 = -+ = dy, = 6, for some t,

1<t<n-1.

Corollary 3.20. Let G be a connected, non—regular graph, with n > 3 vertices and m edges
and § = 1. Then

(nA — 2m)?
M <2mA — ————— .
H(G) < 2mA = 3T @) —n
Equality holds if and only if A =dy = -+ =dy > dyy1 = -+ =d,, =6 =1, for some t,

1<t<n-—1.

Corollary 3.21. Let G be a connected, non—regqular graph, with n > 3 vertices and m edges.
Then
DM(G) < 2m(A -6 +2) +n((6 — 1)* — AJ).

Equality holds if and only if A = dy = --- = dy > dyy1 = -+ = d, = 0§, for some t,
1<t<n—-1.
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