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Preisach Mathematical Model of Hysteresis

D. Šumarac, Z. Perović, D. Vatić, T. Curić, I. Nurković, M. Cao

Abstract: Hysteretic nonlinear phenomena occur in many physical processes: ferromagnetism,
adsorption, cyclic plasticity in mechanics, phase transformations, economics, etc. It is charac-
terized by the fact that the same instantaneous values of input can give different outputs de-
pending on the history of the input applied. It means that the relationship is not only nonlinear
but also multivalued making it very difficult to model and control. In this paper, accent was
given to the application to mechanics i.e. to cyclic plasticity of trusses.
Keywords: Preisach model, cyclic plasticity, trusses

1 Introduction

The hysteresis operator is a mathematical concept and it is not directly related to the intrinsic
physical causes of hysteresis. Since there are numerous examples of hysteresis phenomena
occurring in physical processes (hysteresis in continuum mechanics, in ferromagnetism,
in filtration through porous media etc.), appropriate modeling of hysteresis is of great in-
terest to engineers and physicists. One of the most powerful scalar models of hysteresis,
among those that are known so far, was proposed by the physicist F. Preisach in 1935 [16]
to represent scalar ferromagnetism. There are numerous mathematical models that describe
hysteretic behavior and some of them were used to model hysteresis in solid mechanics
(Prandt-Ishlikii, Bouc, Wen, Baber-Noori). Application of the Preisach model to cyclic
behavior of elasto-plastic material was introduced in 1993 by (Lubarda, Sumarac and Kra-
jcinovic [11],[12]). One of the most important properties of the Preisach operator is the
so-called memory map [5], but in addition, it is shown in [11] that suggested (Preisach)
model also possesses congruency and wiping out property, which makes this model [11],
[12] appropriate to describe the hysteretic behavior of elasto-plastic material. It was also
shown that Preisach model can be defined in purely geometric terms [14], without any ref-
erence to analytical definition, which is less attractive approach for engineers. Using finite
element method, equilibrium equations for structural analysis of trusses are obtained and
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algorithm for numerical solution is defined in C++ code. Several numerical examples will
be presented and results obtained by suggested model are compared with the already ex-
isting in the literature. The second and the third part of this paper contains basic outline
of the Preisach model and its application of modeling ductile materials subjected to cyclic
loading, as explained in [12], [18] and [19]. In the fourth part, finite element equations for
static nonlinear analysis of trusses subjected to cyclic loading are shown. In the fifth part,
numerical examples are presented and results, obtained by this model, are analyzed and
compared with the results obtained by the Bouc-Wen model of hysteresis [3], [21], [7], ap-
plied in SAP2000 [4], and results obtained by GP (Generalized Plasticity) model explained
in [9].

2 The preisach model of hysteresis

According to Mayergoyz [14], the Preisach model implies the mapping of an input u(t) on
the output f (t) in the integral form:

f (t) =
∫∫

P(α,β )Gα,β u(t)dαdβ , (1)

where Gα,β is an elementary hysteresis operator given in Figure 1.a. Parameters α and β

are up and down switching values of the input, while P(α,β ) is the Preisach function. i.e.a
weight (Green’s) function of the hysteresis nonlinearity to be represented by the Preisach
model. The domain of integration of integral (1) is right triangle in the α,β plane, with α =
β being the hypotenuse and (α0,β0 =−α0) being the triangular vertex (Fig.1.b). History
of loading corresponds to staircase line L(t) which divides triangle into two parts (Lubarda
et al.[11]).
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Fig. 1. (a) Elementary hysteresis operator; (b) Staircase line in the Preisach triangle

Maxima or minima of loading history are represented by the vertices with coordinates
(α,β ) on staircase line L(t) in such a way if the input at a previous instant of time is
increased, the final link of L(t) is horizontal, and vice versa if it is decreased it is vertical.
Therefore, the triangle is divided into two parts with the positive and negative values of
Gα,β by the interface staircase line L(t). From formula (1) it is obtained:
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f (t) =
∫∫

A+(t)
P(α,β )Gα,β u(t)dαdβ −

∫∫
A−(t)

P(α,β )Gα,β u(t)dαdβ . (2)

Denoting the output value at u = β by fα,β from the limiting triangle, it follows that

fα,β − fα =−2
∫

α

β

(∫
α

β ′
P
(
α
′,β ′)dα

′
)

dβ
′. (3)

By differentiating expression (3) twice, with respect to α and β , the Preisach weight
function is derived in the form

P(α,β ) =
1
2

∂ 2 fα,β

∂α∂β
. (4)

The Preisach model explained above possesses two properties: wiping out and congru-
ency properties. Those properties and much more about Preisach model is explained in the
Lubarda et al. [11] and [12].

3 The preisach model for cyclic behavior of ductile materials

One dimensional hysteretic behavior of elasto-plastic material can be successfully described
by the Preisach model. Ductile material is represented in various ways by a series or parallel
connections of elastic (spring) and plastic (slip) elements Lubarda, at al. [11]. These results
have advantage in comparison with classically obtained Iwan, [8], Asaro, [1] because of
simplicity and strict mathematical rigorous procedure.Parallel connection of elastic and slip
elements, Series connection of elastic and slip elements are discussed elsewhere Sumarac
and Stosic, [18], Lubarda, at al. [11]. For understanding this issue, the paper of V. Nikolić
at al. [15] can be helpful. Here we will consider a three element unit.

Elastic-linearly hardening material behavior, characterized by the stress-strain curve
shown in Fig. 2a. (E and Eh are elastic and hardening moduli respectively), can be modeled
by a three-element unit shown in Fig. 2b.
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Fig. 2. (a) Elastic-linearly hardening stress-strain behavior with elastic modulus E, initial yield stress Y and
hardening modulus Eh;(b) Three-element unit reproducing the stress-strain behavior in (a)

Elastic element of length l and modules E0 is connected in a series with a parallel
connection of elastic and slip element, of length L modulus h0 and yield strength Y . It then
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follows that E = E0(l0 +L0)/l0 and Eh = Eh(E + h), where h = h0(l0 +L0)/L0. Since in
this paper, displacement-based finite element method is used where displacement (strain)
is unknown variable, only three-element units connected in parallel will be used to model
material.

3.1 Three-element unit connected in parallel

In this case the Preisach function can be determined from the hysteresis nonlinearity shown
in Fig.2a again, taking into consideration that strain is input and stress is output. The
Preisach function in this case has support along the lines α −β = 0 and α −β = 2Y/E, i.e.
it is given by

P(α,β ) =
E
2

[
δ (α −β )+

E −Eh

2
δ (α −β −2Y/E)

]
. (5)

The expression for stress as a function of applied strain is, consequently,

σ(t) =
E
2

[∫
ε0

−ε0

Gα,αε(t)dα − (E −Eh)

E

∫
ε0

2Y/E−ε0

Gα,α−2Y/Eε(t)dα

]
. (6)

The first and second term on the right-hand side of (6) are elastic and plastic stress,
respectively. For a system consisting of infinitely many of three-element units, connected
in a parallel and with uniform yield strength distribution within the range Ymin ≤ Y ≤ Ymax,
the total stress is

σ(t) =
E
2

[∫
ε0

−ε0

Gα,αε(t)dα − E −Eh

2
1

Ymax −Ymin

∫∫
A

Gα,β ε(t)dαdβ

]
. (7)

In (7) the integration domain A is the area of the band contained between the lines α −β =
2Ymin/E and α −β = 2Ymax/E in the limiting triangle, shown in Fig.3.b.

3.2 Comparison with experimental results for the strain control uniaxial loading

Stress-strain behavior of material model in plastic domain presented in Fig.3.a is considered
to be consisted of two parts, linear and nonlinear.

Nonlinear part of this curve is determined by appropriately adopting stress limits Ymin

and Ymax in addition to elastic modulus E and hardening modulus Eh that defines slope of
linear part of strain hardening. By analyzing experimental curve, these parameters could
be obtained. For results obtained in experiment of cyclic loading of material in stable cycle
loop, published in the paper [10], analytical solution was determined based on model, pre-
sented in this paper, of parallel connection of infinitely many elements given in Fig.2b. In
this experiment, sample of Titanium alloy was subjected to strain controlled cyclic loadings
ε = ±1.2% and stable hysteretic curves were obtained. By analyzing shape of this hys-
teresis, parameters for material behavior defined in [7] could be determined by considering
geometry of experimental curve in Fig.4. Slope of the curve in elastic loading and reload-
ing segments defines modulus of elasticity E = 114GPa and linear part of strain hardening
gives hardening modulus Eh = 17.2MPa.



Preisach Mathematical Model of Hysteresis 65

 

a-b =
 2

b

a
Y

   
/E

(e    ,e    )t+1
x

t+1
y (e    ,e    )t

x
t
y

(e    ,e    )t+1
x

t+1
y*

(e    ,e    )t
x

t
y*

s

e

Y

E

Eh

min

Ymax

Y   +Ymin max

2

eel enl e0

a-b =
 2
Y

   
 /E

(b)(a)

m
in

m
ax

Fig. 3. (a)Stress-strain behavior of material modeled by parallel connection of infinite number of three element
units; (b) Set A+(t) of Preisach triangle subdivided into N trapezes.
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Fig. 4. Results of experiment of cyclic loading of alloy of Tittanium published in [10] and determination of
parameters for the Preisach model

If Preisach triangle (Fig.3.b) is analyzed, it can be seen that elastic part of curve’s
reloading segment always defines constant strain value of 2Ymin/E, while the elastic and
nonlinear plastic part of curve’s reloading segment give constant strain value of 2Ymax/E.
Hence, stress limits Ymin = 450MPa and Ymax = 999MPa are defined. Experimentally ob-
tained stable cycle loop was in excellent agreement with one obtained using model of paral-
lel connection of infinitely many elements as shown on Fig.5.a. In all numerical examples,
presented in this paper, the same material of truss structure is taken and compared with
the results obtained by the Bouc-Wen model of hysteresis, one of the most recognizable
and probably the model that had the largest application in structural analysis. Therefore
parameters for Bouc-Wen hysteresis operator are also determined based on the same ex-
perimental results. Detailed formulation and definition of the Bouc –Wen model and its
parameters can be found in [3], [21] and [7]. In presented examples, uniaxial case, with no
additional possibilities such as degradation and pinching.
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Fig. 5. (a) Comparison of experimentally obtained loop ([10]) with the loop obtained by suggested model
of hysteresis; (b) Determination of parameters for the Bouc-Wen model of hysteresis for the best fitting of
experimentally obtained loop [10]

effects modeling, is used. All parameters for this model could be determined from
experimental results, but the exponent for transition zone was varied to achieve the best
approximation of experiment (α = 3 gave the best fitting), and results were presented in
Fig.5.b.

In addition, results from numerical examples are compared with results obtained by GP
finite element [13] based on generalized plasticity material model developed by [9]. GP
model has both yield function and limit function and therefore smooth transition between
elastic and plastic states is achieved. Material parameters for GP model are also defined
from experimental results [10].

4 Finite element equations for trusses subjected to cyclic loading in plastic
domain

Using principle of virtual displacements, equations for finite element procedures can be
obtained. If only truss elements are considered, (body forces and surface forces are zero),
only concentrated loads at nodes, as externally applied load are possible. In the finite el-
ement analysis we approximate the structure (in this case truss) as the assemblage of the
discrete finite elements interconnected at the nodal points on the element boundaries. The
expression for principle of virtual displacements then becomes:

∑
m

∫
V (m)

ε̄
(m)T

σ
(m)dV (m) = ∑

i
ūiT Ri

C, (8)
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where σ represents stresses in equilibrium with applied loads, Ri
C denotes concentrated

forces on point i of applied loads, ūi denotes virtual displacements, ε̄ corresponding virtual
strains and m = 1,2 . . .k, where k is the number of elements (bars). If only one element m
of structure is analyzed, substituting equation (7) into (8), it is obtained:∫

V
ε̄

T E
2

[∫
ε0

−ε0

Gα,αε(t)dα

]
dV−

−
∫

V
ε̄

T
[

E (E −Eh)

4
1

Ymax −Ymin

∫∫
A

Gα,β ε(t)dαdβ

]
dV = ūT RC. (9)

It was demonstrated in [12] and [18] that for corresponding strain limits εel = Ymin/E and
εnl = Ymax/E, Preisach triangle is formed as presented in Fig.3.(b). It is shown in [11]
and [12] that the first part of the expression in Eq.(7) represents elastic stress of axially
loaded bars. The second part of the expression in Eq.(7) defines plastic stress, when strain
in material exceeds elastic limit (ε > εel) and by geometric interpretation it is shown in [11]
and [12], that it actually represents difference of integrals over positive and negative area
A+(t) and A−(t) in the Preisach triangle. It is obvious that area A+(t) is consisted of sum of
N trapezes whose vertices have coordinates equal to past input extrema [11], and therefore
it represents function of predominant input strain data values

(
εx

t ,ε
y
t
)

(Fig.3.b):

A+(t) =
N

∑
t=1

[(
ε

x
t+1 − ε

x
t
)(

ε
y
t+1 − ε

y∗
t+1 + ε

y
t − ε

y∗
t

)
/2
]
. (10)

Considering that displacement-based finite element method is used, it is necessary to
exchange strain variable ε with bar length change ∆u, and because of Eq.(10), A+(t) will
therefore represent function of predominant input bar length change data values ∆u. Second
part of the equation (10) then becomes:∫∫

A
Gα,β × ε(t)×dαdβ =

∫∫
Ā

G
ᾱ,β̄ ×∆u(t)×dᾱdβ̄ = A+(t)−A−(t) =

1
L2 ×upl = εpl,

(11)
where εpl and upl represent differences of positive and negative sets in the Preisach triangles
where strain and bar length change are used as input functions, respectively. L represents
bar length. Substituting Eq.(11) in (9), (12) is obtained:

ū(m)T
[∫

V (m)
B(m)T EB(m)dV (m)

]
ū(m)−

−ū(m)T

[∫
V (m)

B(m)T E (E −Eh)

4(Ymax −Ymin)

1(
L(m)

)2 dV (m)

]
·u(m)

pl = ū(m)T Ri
C. (12)

It is considered that this problem would not require large displacement and large strain
analysis, and if strain displacement matrix B is introduced, expressions in brackets of first
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and second part of (11) are actually defining elastic stiffness matrix and plastic stiffness
matrix respectively:

Kel
(m)ū(m)−Kpl

(m) ·u(m)
pl = Ri

C. (13)

For the finite element assemblage, expression in Eq.(11) becomes

KelU −Kpl ·Upl = R. (14)

It is important to emphasize that elements of vectors U represent nodal displacements
of the global system while elements of vector Upl represent differences of positive and neg-
ative sets A(+t) and A(−t) in corresponding Preisach triangle, transformed in global system.
For solving problem of nonlinear static analysis, iterative procedure using Newton-Raphson
initial stress method can be applied:

Kel∆U (i) = t+∆tR− t+∆tF(i−1)

t+∆tU (i) = t+∆tU (i−1)+∆U (i) (15)

t+∆tF(i) = Kel
t+∆tU (i)+Kpl

t+∆tUpl
(i) ·

Procedure for iteration i in Eqs.(15) is repeated until convergence is achieved. Ac-
cording to defined procedures for numerical analysis from Eqs.(13) to (16), algorithm for
elastoplastic analysis of trusses subjected to cyclic loading was defined in C++ code. Dur-
ing every step and iteration in expressions (13) to (15), in every bar of truss structure, plastic
part from Eq.(15) is being calculated according to current state of corresponding bar and
then assembled in global matrix in Eq.(14). For assigned material properties, correspond-
ing stress-strain behavior obtained by the Preisach model can be presented as shown in
Fig.3.a, where εel is elastic strain limit of material, εnl is plastic strain limit at the onset
of linear hardening and ε0 is optional maximum strain limit of material. In static analysis,
if material has very small or no strain hardening Eh ≈ 0, in order to provide some indica-
tion of when both the displacements and the forces are near their equilibrium values, it is
recommended [2] that convergence criteria should be based on energy tolerance condition
as shown in Eq.(16). In every iteration increment of internal energy is compared to initial
internal energy increment:

∆U (i)T
(

t+∆tR− t+∆tF(i−1)
)
≤∈E

(
∆U (1)T (t+∆tR− tF

))
. (16)

5 Numerical examples

In all numerical examples, material properties for all truss bars are taken from experimental
results [10], shown in paragraph 3.2. In order to outline the advantages of the Preisach
hysteresis operator, results from presented model were compared to the results of the Bouc-
Wen and GP model.
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Fig. 6. (a) Geometry and loading R(t) of truss structure for the first numerical example (b) Moving load V in
the second numerical example

5.1 Quasi-static analysis of two-span truss without damage

In the first example, truss structure shown in Fig.6.a is analyzed under two types of load
(Fig.6.a and Fig.6.b). The first load case (R(t)) has cyclic character and its input function
is shown in Fig.11.b, while in the second case truss was subjected to moving load pattern
of two concentrated forces 2xV (V = 8000kN). Structure consists of two types of bars.
Horizontal bars with length of 6m, and cross section areas Ahor = 0.02m2 and diagonal bars
with cross section areas Adia = 0.015m2.

In the first case of loading, all bars of structure, which undergo plastic deformation,
have stable hysteretic loops and resulting stress-strain diagram for some of characteristic
bars (29,31) are presented in Fig. 7.

Fig. 7. Stress strain hysteresis curves for the first numerical example: Comparison of the Preisach model, GP
model and the Bouc-Wen model (alpha=3) for bar 29 (a) and bar 31 (b) respectively

Although in the second case applied moving load pattern 2xV doesn’t have cyclic char-
acter, bars will be subjected to load reversals, since these concentrate forces move across
two span of continuous truss structure. Structure is subjected to five consecutive cycles of
moving load pattern (Fig.6.b). Note that bars whose position is symmetrical around mid-
point of structure should have identical response, according to position of load, in case of
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elastic analysis. However, all bars of the structure are being plastically deformed gradu-
ally and therefore symmetrical bars have different deformed state at same instant of time
of loading and therefore different strain history. Results according to different models
are presented in Fig.8, where maximum absolute vertical displacement during each cycle
and residual maximum vertical displacement after each cycle are presented and compared.
When results obtained using the Preisach model are analyzed, it can be seen that loading
after first cycle doesn’t increase deformation significantly. In summary, after the second and
all subsequent cycles, identical and stable deformation is observed and there is no further
significant increase of plastic strain as it is shown in Fig.9.

Fig. 8. Maximum absolute vertical displacement of the right midspan of truss during each cycle and residual
maximum vertical displacement after each cycle in the second numerical example obtained using different
models

The most obvious difference between Preisach model and the Bouc-Wen model, can be
seen after analyzing of resulting hysteresis. While resulting loops obtained by the Preisach
model are decreased significantly after first cycle, providing elastic shakedown behaviour,
that is not the case with corresponding results of the Bouc Wen and GP model. Hence,
when results of the Bouc-Wen and GP model of hysteresis are compared, it can be seen
that stabilization of plastic deformation in second numerical example occurred in higher
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number of cycles and higher strain values as shown in Fig.9.

Fig. 9. Deformed shape of structure for the second numerical example, obtained by suggested model, (scale
factor = 40) after first cycle and after 2nd and all subsequent cycles

6 Conclusion

In the present paper it is shown that the Preisach model of hysteresis can be successfully
applied in structural analysis of trusses, besides previously shown advanced application in
the case of uniaxial cyclic loading of bar [11],[12] and cyclic bending of beam [18],[19].
Program in C++ code using finite element procedure is made for analyzing static and dy-
namic problems of trusses subjected to cyclic loading in the plastic range. The procedure
leads to Newton-Raphson’s initial stress method. Damage can be included in presented
algorithm by introducing scalar damage variable and basic concepts of continuum damage
mechanics. It is also shown that the Preisach model can be defined in purely geometric
terms, without any reference to analytical definition. Results obtained by this model were
compared with the results from the Bouc-Wen and the GP (Generalized Plasticity) models
for several numerical examples. Even the agreement of the obtained results is excellent,
this model has several advantages. The analytical solution in closed form provides mathe-
matical rigor of the Preisach model, while its absolute equivalent geometric interpretation
enables numerical effective solution and less computational cost. Considering all the pos-
sibilities that Preisach model poses, this type of analysis in finite element procedures is yet
to be applied.
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