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On the Compact Integral Hypersurfaces of the

Multidimensional Homogeneous Darboux System
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Dedicated to the memory of Professor Ćemal Dolićanin (1945–2023)

Abstract: The ordinary at m = 1 and the completely solvable at m > 1 the real homogeneous

Darboux systems

dxi =
m

∑
j=1

(

Li j(x)+ xiPj(x)
)

dt j, i = 1,n,

where n > 1, m < n, Li j(x) =
n

∑
k=1

ai jkxk, ai jk ∈R, k = 1,n, j = 1,m, i = 1,n, Pj(x), j = 1,m,

are twice smooth homogeneous functions of order ρ > 1, and the rank of the matrix correspond-

ing to the right-hand sides of the Darboux systems is equal to m almost everywhere on Rn, are

considered. The concept of a regular integral hypersurface of these systems is introduced. It is

proved that the systems under consideration cannot have more than one isolated compact reg-

ular integral hypersurface. An example of a system with an isolated compact regular integral

hypersurface is given.

Keywords: system of ordinary differential equations, completely solvable system of exact

differential equations, hypersurface.

1 Introduction

In 1878 Gaston Darboux published the work [2] in which the properties of first-order

differential equation

dy

dx
=

L(x,y)+ yN(x,y)

M(x,y)+ xN(x,y)
, (1)

where L(x,y), M(x,y), N(x,y) are polynomials, were considered. Subsequently in the arti-

cles [9, 10] and the monographs [1, 8] the qualitative characteristics of special cases of the
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equation (1) were considered. The n–dimensional analogue of the equation (1)

dwi

dz
= Li(z,w)+wiM(z,w), i = 1,n, (2)

where n > 1, w = (w1, . . . ,wn), Li(z,w) =
n

∑
k=1

aik(z)wk, aik(z) are holomorphic functions,

k = 1,n, i = 1,n, M(z,w) is homogeneous function with respect to w of order ρ with

holomorphic coefficients, was considered in the work [7]. For the system (2) the solutions

and the integrals were studied in the complex case, and the limit cycles were studied in the

autonomous real case. In the same work the system (2) was called Darboux system.

In this work we will consider the compact integral hypersurfaces of the ordinary at

m = 1 and the completely solvable [4, p. 21] at m > 1 the real differential system

dxi =
m

∑
j=1

(

Li j(x)+ xiPj(x)
)

dt j, i = 1,n, (3)

where n > 1, m < n, Li j(x) =
n

∑
k=1

ai jkxk, ai jk ∈ R, k = 1,n, j = 1,m, i = 1,n, Pj(x), j =

1,m, are twice smooth homogeneous functions of order ρ > 1, and the rank of the matrix

corresponding to the right-hand sides of Darboux systems is equal to m almost everywhere

on R
n. We will call it homogeneous Darboux system.

Further in particular we will use the following statements.

Consider the real ordinary differential system

dxi

dt
= fi(x), i = 1,n, (4)

where n > 1, fi(x), i = 1,n, are smooth functions.

Proposition 1 [6, p. 345]. Let the domain G ⊂ R
n have the homotopy group πn−1(G)

of rank r and there exist the continuously differentiable function ϕ : G → R such that the

vector field ϕ(x)( f1(x), . . . , fn(x)) has a constant sign divergence on the domain G. Then

the system (4) cannot have more than r compact integral hypersurfaces on the domain G.

Proposition 2 [6, p. 349]. Let the domain G ⊂R
n have the homotopy group πn−1(G) of

rank r and there exist the continuously differentiable function ϕ : G→R such that the vector

field ϕ(x)( f1(x), . . . , fn(x)) has identically equal to zero divergence on the domain G. Then

the system (4) cannot have more than r isolated compact regular integral hypersurfaces on

the domain G.

Proposition 3 [6, p. 324]. Let the real completely solvable differential system

dxi =
m

∑
j=1

fi j(x)dt j, i = 1,n,

where n > 1, m > 1, m < n, fi j(x), i = 1,n, j = 1,m, are smooth functions, has a integral

manifold. Then each of the ordinary differential systems

dxi

dt
= fi j(x), i = 1,n,
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has the same integral manifold, j = 1,m.

2 Results

First we consider the ordinary homogeneous Darboux system

dxi

dt
= Li(x)+ xiP(x), i = 1,n, (5)

where n > 1, Li(x) =
n

∑
k=1

aikxk, aik ∈ R, k = 1,n, i = 1,n, P(x) is twice smooth homoge-

neous function of order ρ > 1.

Definition 1. We will call a compact integral hypersurface of the system (5) regu-

lar if this hypersurface is locally attractive or locally repulsive in each of the two half-

neighborhoods it defines and the closure of a trajectory of each point of this hypersurface

coincides with the entire hypersurface.

Let us choose the auxiliary linear function

H(x) =
n

∑
l=1

Alxl , (6)

where Al ∈C, l = 1,n. Its derivative due to the system (5) is equal to

dH(x)

dt

∣

∣

∣

∣

(5)

= H(x)P(x)+
n

∑
l=1

AlLl(x). (7)

We will look for the numbers Al, l = 1,n, such that the identity

n

∑
l=1

AlLl(x) ≡ λH(x), λ ∈ C (8)

holds. The identity (8) is equivalent to the system of linear homogeneous equations

n

∑
l=1

aliAl −λAl = 0, i = 1,n. (9)

The system (9) has non-zero solutions only for values of λ satisfying its characteristic

equation
∣

∣

∣

∣

∣

∣

∣

∣

a11 −λ a21 · · · an1

a12 a21 −λ · · · an2

· · · · · · · · · · · ·
a1n a2n · · · ann −λ

∣

∣

∣

∣

∣

∣

∣

∣

= 0. (10)

We will call the characteristic equation (10) characteristic equation of the system (5).
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If the characteristic equation (10) has at least one real characteristic root λ ∈ R then

based on it and the system (9) we construct the real linear function (6). Further by virtue of

the relations (7) and (8) we obtain that the derivative due to the system (5) is equal to

dH(x)

dt

∣

∣

∣

∣

(5)

= H(x)(λ +P(x)). (11)

There is the relation

n

∑
i=1

∂

∂xi

(Li(x)+ xiP(x))≡
n

∑
i=1

aii +(n+ρ)P(x), (12)

Then we have the identity

n

∑
i=1

∂

∂xi

(

H(x)−(n+ρ)(Li(x)+ xiP(x))
)

≡

(

n

∑
i=1

aii − (n+ρ)λ

)

H(x)−(n+ρ) (13)

(based on the relations (11) and (12)). Now using the identity (13), based on Definition 1

and Propositions 1 and 2, we obtain the following statements.

Theorem 1. Suppose that the characteristic equation of the system (5) has at least one

real root. Then this system does not have isolated compact regular integral hypersurfaces.

Corollary 1. The system (5) does not have isolated compact regular integral hypersur-

faces for odd n.

Let us now consider the case when the characteristic equation (10) of the system (5)

has no real roots. Let λ ∈ C, Im λ 6= 0, be the root of the characteristic equation (10). We

construct the linear function (6) of real variables with complex coefficients based on this

root and the system (9). By virtue of the formulas (7) and (8) we have the relations

d(Re H(x))

dt

∣

∣

∣

∣

(5)

= Re λ (Re H(x))− Im λ (Im H(x))+ (Re H(x)) P(x),

d(Im H(x))

dt

∣

∣

∣

∣

(5)

= Re λ (Im H(x))+ Im λ (Re H(x))+ (Im H(x)) P(x).

(14)

Based on the last two relations we obtain the expression

d (Re2H(x)+ Im2H(x))

dt

∣

∣

∣

∣

(5)

= 2(Re2H(x)+ Im2H(x))(Re λ +P(x)). (15)

Now taking into account relations (12), (14) and (15) we obtain the identity

n

∑
i=1

∂

∂xi

(

(Re2H(x)+ Im2H(x))−(n+ρ)(Li(x)+ xiP(x))
)

≡

≡

(

n

∑
i=1

aii − (n+ρ)Re λ

)

(Re2H(x)+ Im2H(x))−(n+ρ).

(16)
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Let us show that the system (5) has at most one isolated compact regular integral hy-

persurface in the domain G = R
n \{Re2H(x)+ Im2H(x) = 0}. In fact we suppose that the

system (5) has entirely located in the domain G two various compact regular integral hyper-

surfaces Φ1 and Φ2. Each of these hypersurfaces is located in a subdomain of the domain

G that is not contractible to a point by Propositions 1 and 2. In addition the given hypersur-

faces Φ1 and Φ2 define the elements σ1 and σ2 in the (n−1)-dimensional homology group

Hn−1(G) of the domain G. The Abelian group Hn−1(G) = Z has at most one linearly inde-

pendent element. Therefore we come to the conclusion that there is such a non-trivial linear

combination with integer coefficients: m1σ1+m2σ2 =O∈Hn−1(G),(m1,m2) 6=(0,0). This

means that the composite compact regular integral hypersurface Φ = m1σ1 +m2σ2, which

is the (n−1)-dimensional cycle, is homologous to zero (i.e., it bounds some n-dimensional

domain V ⊂ G). Now based on the identity (16) by virtue of the general Stokes formula [3,

p. 472] (for
n

∑
i=1

aii − (n+ρ)Re λ ) 6= 0) and Ostrogradsky formula [11, pp. 324, 588–593]

(for
n

∑
i=1

aii − (n+ ρ)Re λ ) = 0) we obtain a contradiction. Thus we obtain the following

statements taking into account Theorem 1.

Theorem 2. Suppose that the characteristic equation of the system (5) has no real roots.

Then this system cannot have more than one isolated compact regular integral hypersurface.

Corollary 2. The system (5) cannot have more than one isolated compact regular inte-

gral hypersurface.

Example [8, p. 58]. The system

dx

dt
= x+ y− x(10x2 − y2),

dy

dt
=−x+ y− y(10x2 − y2),

has the unique limit cycle 29x2 −22xy+7y2 = 4.

Let us now consider the completely solvable homogeneous Darboux system (3).

Definition 2. We will call a compact integral hypersurface of system (3) regular if it is

regular for each vector field (L1 j(x)+ x1Pj(x), . . . ,(Ln j(x)+ xnPj(x)), j = 1,m.

We will compose the auxiliary linear function (6) (as in the case of the ordinary differ-

ential system (5)). Its differential due to the system (3) is equal to

dH(x)

∣

∣

∣

∣

(3)

= H(x)
m

∑
j=1

Pj(x)dt j +
m

∑
j=1

n

∑
l=1

AlLl j(x)dt j. (17)

We will look for the numbers Al, l = 1,n, such that the identities

n

∑
l=1

AlLl j(x) ≡ λ jH(x), λ j ∈ C, j = 1,m (18)

are satisfied. The identities (18) are equivalent to the system of linear homogeneous equa-

tions
n

∑
l=1

ali jAl −λ jAl = 0, i = 1,n, j = 1,m. (19)
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Since the system (3) is completely solvable, the matrices a j = ||ali j ||, j = 1,m, are com-

mutable. Therefore the collection of these permutational matrices has the common non-zero

eigenvector (A1, . . . ,An) by Lemma 1 [5, p.230].

Let the vector (A1, . . . ,An) be real. We compose the auxiliary function (6) based on it.

We obtain the relation

dH(x)

∣

∣

∣

∣

(3)

= H(x)
m

∑
j=1

(λ j +Pj(x))dt j (20)

taking into account the formulas (17) – (19). Since the relations

n

∑
i=1

∂

∂xi

(Li j(x)+ xiPj(x)) ≡
n

∑
i=1

aii j +(n+ρ)Pj(x), j = 1,m, (21)

are valid then based on the formula (20) we have the identities

n

∑
i=1

∂
∂xi

(

H(x)−(n+ρ)(Li j(x)+ xiPj(x))
)

≡

≡

(

n

∑
i=1

aii j − (n+ρ)λ j

)

H(x)−(n+ρ), j = 1,m.

(22)

Now using the identities (21) and (22) based on Definition 2 and Propositions 1 – 3, we

obtain the statement.

Theorem 3. Suppose that the permutational matrices a j, j = 1,m, have a real common

eigenvector. Then system (3) does not have isolated compact regular integral hypersurfaces.

Let us now consider the case when the permutational matrices a j, j = 1,m, do not have

real common eigenvectors. Then they have the common complex eigenvector (A1, . . . ,An).
Let’s create the auxiliary function (6) based on it. Next we construct the linear function (6)

of real variables with complex coefficients based on this eigenvector and the system (9). By

virtue of the relations (17) – (19) we will have that

d(Re H(x))

∣

∣

∣

∣

(3)

= (Re H(x))
m

∑
j=1

(Re λ j +Pj(x))dt j − (Im H(x))
m

∑
j=1

(Im λ j)dt j,

d(Im H(x))

∣

∣

∣

∣

(3)

= (Re H(x))
m

∑
j=1

(Im λ j)dt j +(Im H(x))
m

∑
j=1

(Re λ j +Pj(x))dt j.

(23)

Based on the last two relations we have the expression

d(Re2H(x)+ Im2H(x))

∣

∣

∣

∣

(3)

= 2(Re2H(x)+ Im2H(x))
m

∑
j=1

(Re λ j +Pj(x))dt j. (24)

Now taking into account the relations (21), (23) and (24) we obtain the identities

n

∑
i=1

∂
∂xi

(

(Re2H(x)+ Im2H(x))−(n+ρ)(L(i j)(x)+ xiPj(x))
)

≡

≡

(

n

∑
i=1

aii j − (n+ρ)Re λ j

)

(Re2H(x)+ Im2H(x))−(n+ρ), j = 1,m.

(25)
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And then we obtain such statements based on the identity (25) by virtue of Proposition 3

and Theorem 2.

Theorem 4. Suppose that the permutational matrices a j, j = 1,m, do not have real

common eigenvectors. Then the system (3) cannot have more than one isolated compact

regular integral hypersurface.

Corollary 3. The system (3) cannot have more than one isolated compact regular inte-

gral hypersurface.
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