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Solvability of a Mixed Problem for an Integro-Differential
Equation with the Hilfer Type Fractional Analogue of the
Barenblatt—Zheltov—Kochina Operator

Tursun K. Yuldashev, Bakhtiyor J. Kadirkulov, Aygul A. Matchanova

Abstract: In the article a partial integro-differential equation with degenerate kernel and Hilfer
fractional operator is considered. The issues of unique classical solvability and construction
of a solution to a mixed problem for a homogeneous integro-differential equation containing a
Hilfer fractional analogue of the Barenblatt—Zheltov—Kochina operator are studied. The Fourier
series method based on the separation of variables was used. By the aid of the Mittag—Leffler
function is obtained a countable system. Sufficient coefficient conditions for unique classical
solvability of the mixed problem are established. The absolute and uniform convergence of the
obtained series is proved.

Keywords: integro-differential equation, Hilfer fractional analog of the Barenblatt—Zheltov—
Kochina operator, degenerate kernel, regular solvability.

1 Introduction

The main provisions and equations of the theory of non-stationary filtration in fractured-pore
formations are formulated in the work of G. I. Barenblatt, Yu. P. Zheltov and I. N. Kochin
[19] (see also [22]) and then developed by many authors [34, 26, 27, 48, 51, 52]. The theory
and applications of fractional calculus have been rapidly developed by many authors (see, for
example, [31, 57, 35, 36, 42, 37, 47, 50, 53]). Fractional order ordinary differential equations
are studied in many works (see, for example [15, 16, 29, 33, 45, 61, 62]). To study periodic
solutions of fractional order ordinary differential equations are devoted many works of large
number of mathematicians (see, for example, [3, 13, 14, 38, 63, 64, 65]). The generalized
integro-differentiation operator is a continuous interpolation of the well-known fractional order
differentiation operators of Riemann-Liouville and Caputo, which describe diffusion processes
[57, vol. 1, pp. 47-85]. A physical and engineering interpretation of the generalized fractional
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operator is given in [57, vol. pp. 4-8]. Note that boundary value conditions of the type
(3) (see below) take place in modeling problems of the flow around a profile by a subsonic
velocity stream with a supersonic zone. Different mixed and boundary value problems for
partial differential and integro-differential equations were studied in the works of many authors,
in particular, in [1,2,4,5,6,7, 8,9, 10, 11, 12,23, 24, 25, 28, 30, 41, 43, 44, 46, 59, 60, 66, 67,
68, 69, 70, 71, 72]. Sturm-Liouville and associated problems are considered by many authors
(see, for examples, [18, 20, 21, 32, 39, 40, 49, 54, 55, 56, 58]).

In our work, the problem of small denominators does not arise. We consider a mixed
problem for a linear integro-differential equation with Hilfer operator of fractional integro-
differentiation. The Fourier method of separation of variables is used taking into account the
features of the fractional integro-differentiation operator and linearity of the problem. The
obtained spectral problem is solved. Thus, in the domain Q = (0,7) x (0, 1) we consider the
equation

D%Y _ D&Y 2 _ 9 Ult )—v/TK(t VU (s,x)d (1
32 32 ,X) = A ,$)U (s,x)ds
with mixed conditions
imJL — <x<
zLITOJOt U(t,x) =(x), 0<x<1, 2)
Ut,0)0=0, 0<t<T, 3)
Ue(t,1) = Ue(t,x9), 0<t<T, 0<xy<1, 4)
where ¢(x) € C%[0,1],
d"e d"e(x) d"o(x)
W |x:0 = Oa dxm |x:l - A }x:X() , = 07274767 m = 153757

K(t,s) = 1;:1 's", D%Y, 0 < a < y < 1 is Hilfer integro-differential operator, which is defined
by the formula D%Y = Dgt’ﬁ = Jg(lfa)%Jétlfﬁ)“*a), v is real parameter, 0 < S < 1,y =
o+ B—0f,0<T <oo.

Problem. It is required to find unknown function U (z,x), that satisfies the integro-differential
equation (1), the initial value condition (2), the boundary value conditions (3), (4) and belongs
to the class of functions

17U e C(Q), D*YU € C(Q), D*VU, € C(Q), Uy €C(Q), 5)

where Q = [0,T] x [0, 1].

2 Eigenvalues and eigenfunctions
First, we consider homogeneous differential equation

DU (t,x) — D¥YUy(t,x) — Uxe(t,x) = 0. (6)
We will look for a non-trivial particular solution of this problem in the form

U(t,x) =u(t) - S(x).
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Substituting this solution into equation (6), we obtain

DYu(r) _ "(x)

D%Yu(t)+u(r)  O(x)’

Hence, equating second fraction into (—1), A > 0, we obtain
¥ (x) +A10(x) =0, A >0. (7

From the conditions (3) and (4), we obtain conditions for the eigenvalues A and eigenfunctions
B (x):

3(0) =0, ¥'(1)=9'(xp), 0<xp<1. (8)
Solving the spectral problem (7), (8), we derive eigenvalues (see [17])
2nm \? onm \?
Ao =0, mz( ””) ,Az,nz( ””) . neN. ©
' 14+ x9 ' 1—xp

Eigenfunctions, corresponding to the eigenvalues (9), have the forms

Bo(x) =x, iu(x) =siny/Aipx, i=1,2, neN. (10)

Condition A. Let x( be a rational number from the interval (0, 1) such that xy = 5’ p<q,
g—p =1, p and g be coprime positive integers. If condition A is satisfying, then solving

problem (7), (8), instead (9) we obtain

2qnm

2
=0, 4,= <m) , lzym:(qun?)z, nmeN, n#m(p+q). 11

These eigenvalues correspond to eigenfunctions in (10). For each value of A, ,,,, there also exist
associated functions of the form

O n(x) = xc08 1/ A . (12)

Along with problem (7), (8), we also consider the problem adjoint to it. It is not difficult to
determine that the following problem will be adjoint to problem (7), (8):

o"(x)+Ao(x) =0, A >0, xe (0,x0)U (xo,1), (13)
»(0)=0, o'(1)=0, (14)
o' (x0+0) = @' (x9 —0), ©(x9+0)—(xo—0)=aw(1). (15)

Problem (13)—(15) also has eigenvalues of the form (11). Solving this problem, it is not difficult
to see that the eigenfunctions have the form

{a)o(x);wlm(x);a)z’m(x)}, nmeN, n£m(p+q). (16)
where
4siny/21
{0, xe0.x), ) TR xelox),
CO()(X) = I%x%’ x e ()C(), 1], wl,n(x) - 2c0s /A1 u(1—x) xe (XO, 1]7

(14-x0) sin 4 /ll,,, ’
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0, x €[0,x),
(Dz,m(x) = 4cosy/Aa px ‘e (XO 1]

1 —X0

Reasoning similarly for the problem (11)—(14), we obtain the same results. We note that
there also exist associated functions of the form

Alsin‘/lzv,,,x7 xe[()’x())’
@ n(x) = 4(lijvr)x:in\/l_x a7
syt e (x, 1]

1—xj

We note that systems of functions (10), (12) and (16), (17) are biorthonormal in L,[0, 1]:

(01000, 0n00) = { 5125
(B1(x). @ () = (B1a(x); 020() = (10(0), Br(x)) =0,
(9200, @210) = { %

where (-, ) is the inner product in L0, 1].

It is not difficult to see that if the condition A is satisfying, then the systems of root func-
tions of problems (7), (8) and (13)—(15) form a Riesz basis in L,[0, 1]. Taking into account the
formulas (10) and (16), we look for a solution

U(tvx) :U()(t7x)+U1(t7x)+U2(t7x)+02(tvx) (18)

to the problem (1)—(4) in the following Fourier series:

U(t,x)zuo +Z“1n ﬁln Z u2m )+ﬂ27m(t) @,m(x)}, (19)

m=1
where

1
/ Uo(t,y) a0 (y)dy, uin(t :/0 Ui (t,y)01,,(y)dy,

“2m /UZtyahm( dy; u2m /UZty W m\y )d

Here ”*” means that the sum is taken over n € N, different from k(g + p), k € N.
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3 Reducing the solution to problem (1)—(4) to a countable system of non-
linear integral equations

Let the condition A be satisfied and a function U (¢,x) be a solution to the mixed problem (1)
(4). Then, applying representation (19) into equation (1) and taking (10) and (18) into account,
we obtain

Da’y{xuo + Zuln 191n i [MZm )+u2m( )éz,m(x)]—’—

m=1

+2M,nu1,n(t)ﬁln +Z [Azmmm( ) B2 ()+u2m()(2 A«zvmﬁz,m(x)—f—lz’mﬁz’m(x))]}_|_

m=1

Y At n(0)01a(0) + ¥ [xz,muz,mom,m(x) tiiglt) (2 AomBam(3) + Az,mz%,mmﬂ _
m=1

n=1

= v/()TK(t,S) |:XMO(S) + 0.2* Ml,n(S)ﬁl,n(x) + i [“2,m(s)7~927m(x) +ﬁ2’m(s)1§27m(x)]:| ds

n=1 m=1

Hence, taking (16) and (17) into account, we obtain

T
D% up(t) = v / K(t,5) uo(s)ds, 20)
0
v T
D%h“4g+uhmhm):-___-/ K(t,5) 01 2(s)ds, @1)
: 1, 1+ A0 Jo :
Da#“Z,m (t) + Uo mit2, m(t) =
_ 2 \V A’Z ,m o,y ~
= 1+12m (D uzm()—i_uz’m(t))—i_l—l-?tz,n/ K(t,s)uz m(s)ds, (22)
D i 1) Hoion(t) = 15— [ K(5) (s}, 23
’ ’ ’ 1+7Lzm ’
_ /,Ll,n AZm
Hin= 1"'/111:, 2.m = 1"'/12”1

A pand Ay, (n,m € N, n# m(p+q)) defined from (11).
The solving method for all fractional integro-differential equations (20), (21) and (23) is
the same. So, write the function ¢@(x) as

?(x) = @o(x) + @1 (x) + @2(x) + P2 ().

Then we show the scheme of solving only for the equations (20) and (21). To solve the
countable system of integro-differential equations (20) and (21), from (2) we determine the
initial value condition

. 1—y
Jim 94 )= Jm 30 [[en) vy [ oimohy e, @

1 -1
thOJQZ uj n( ) _thOJOt Y/ Ui (tuy)wl,n(y)dy = /0 ?1 (x)wl,n(y)dy = @1, (25)
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-1 -1
lim Jo, Yuzn(t) = lim Jg, " /0 Ua(t,y)@nm(y)dy = /0 O2(x) @ (¥)dy = Q2.m,  (26)

t—+0 t—+0

t—+0 t—+0

1 1
tim Jo, Vi (t) = lim Jo, " /0 Us(t,y) @ (y)dy = /0 P (xX)m(V)dy = G- (27)

First, we solve the equation (20). In this order we rewrite the equation (20) in the form

D*Yuy(t) = go(t), (28)
where ;
gO(t) =V Z trTO,ra (29)
r=1
T
10,,2/0 s"ug r(s)ds. (30)

Applying the operator J§ to both sides of the equation (28), we have

C 1 4
uo(t):—otyfl—i——/o (t—s)“ilgo(s)ds,

I(y) I(y)
where Cj is arbitrary constant.

Using initial value condition (24) and designation (29), we represent the solution of the
system (28) in the form

k
v
uo(t) = 0114 Y

I(y) I'(y) =

Substituting the representation (31) into (30), we obtain

t
T()!r/ (t—s)*1s"ds. (31)
] 0

T —ﬂ/.Terlds—i—vzk:To ~L/Tsr/‘¥9r(s—6)a71d6ds
T T(y) Jo ST o " o

or we obtain a linear system of algebraic equations (LSAE)

k
To,r =V Z T0,jAo,j +Bo,s, r=1,k, (32)
Jj=1
where , .
1 s o T
A ~:—/ sr/ 0/(s—0)*'dods, By, = —— .
0= ol OO YT r+y
We consider the following matrices for our further calculations:
1-— VAO’I’I VA()7172 e VA()’I’/(
Z()(V) _ VA()7271 1-— VA()7272 Ce VA()’Z’/( :
VA()J()I VAO)]CJ R | _AO’kJ{
1 —VA(),1’1 VAO,I,(rfl) B()!l VAO,I,(r+1) VA()JJ{
VA cee VAo (i— B VA VA
Zor(v) = 021 02,i-1) Boz2 VAoz () 02k

VA()’/(!I ce VAO,k,(rfl) B()’k VA()’k’(rJrl) o 1= VA()’k’k
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LSAE (32) is uniquely solvable for any finite right-hand sides, if the following non-degeneracy
condition for the Fredholm determinant is satisfied

AQ(V) = det Z()(V) 75 0. 33)

The determinant (33) Ag(V) is a polynomial with respect to v of degree not higher k. The
equation Ag(v) = 0 has at most k different real roots. We denote them by 6, (p = 1,kp, 1 <
k, <k). Then v = v, = 0, called as the irregular values of the spectral parameter v. Other
values of the spectral parameter v # 0, are called as the regular.

For regular values of the spectral parameter v the solution of the LSAE (32) has the form

z :Aoyr(V)
0,r A()(V) 9

r=T1k, (34)

where Ag (V) = det Z (V). Substituting the representation of solution (34) of the LSAE (32)
into representation (31) of the ug(¢), we derive

_ % 4 Vo A()-,f(v) ! _oa—1r
uo(t)—r(y)ty 1+F(Y),:Z’1 Ao(V) /O(t s) s ds.

Hence, we obtain

1- _ % VoS A (V) gy, [ o1
t'  Tup(t) = ) + ) r; Ao (V) t 7./0 (r—s)%"s"ds. (35)
From (35) we have
-y _ Po v o AOJ(V) 1—-y ! a1 ]
U0) = 90| £+ i B ) | /0(t )% 1 ds| . (36)

Now we solve the countable system (CS) of equations (21). The CS of integro-differential
equations (21) we rewrite as

Da’yul,n(t) = _.ul,nul,n(t) +gl,n(t)7 37
where
k
t) = T, (38)
gl,n( ) 1_"_)”1’” = 1,n,r
T
Tl-n-,r:/o S Uy pr(s)ds. (39)

Applying the operator J to both sides of the equation (37), and taking into account the formula

| _
JgtD(};t“Ln(t):“17n(t)_mjot y”l,n(t”tzoﬂ 17

we have

C _
ul,n(t) = W;/)ty ! ""Jg;gl,n(t) _.ul,n-](());"‘l,n(t)a

where Cj is arbitrary constant.
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Using initial value condition (25), we represent the solution of the countable system (37)

in the form o
ul,n(t) = r(}:l) t771 +J(()x+gl,n(t)_
t
it [ =9 B (—aalr =) [ 2557 500,00 s

We will write this representation in the following form

7! n [ _ _
ul,n(f) = Q1 |: ———‘uL' /O(Z‘—S)a lEa,a (—,ul’,,(t—s)a)sy lds] +

Cy) I'(n)
t
—i—Jg,‘gl,n(t)—[.Ll,n/O (t—s)aflEa,a(—[,Ll,,,(t—s)a)l(‘)’;gl,n(s)ds. (40)

In representation (40) we take into account the following relations

ty71 _ Hin

I(y) T(y)

t
/O (t—s) ailE(x’a (—.LL17n(t—S)a)Sy71ds = tyilEa"y(—‘u.llnta)7

/Ot(t —5)* "Eqq ( — U1y (t—5))IG 81a(s)ds =

- ﬁ /ot(t —5)* " Eqa(— tialt —S)a)ds/os(s_ 0)*'81.4(6)d6 =
- ﬁ ./otgl,n(s)ds,[(t =) (5= 0) " Eaa (= pualt—6)7) o,

=9 (50 Eaa( - ialr - 0)) a0 =
=T(a) (t—5)* ' Ega(— ialt —5)%).

By virtue of these relations, from the presentation (40) we obtain

t
Upa(t) = ¢l,ntY71Ea,y(_“l,nta) +/0 (t—S)“’lEa,a(—um(t—s)“) g1.(s)ds, 41)

where E o y(z) is Mittag—Leffler function
m

Ea,y(Z) = i F((XZT—I—

, z,a,7€C, Re(ax) > 0.
m=0 Y)

In obtaining the equation we took into account the following representations

1
Eqy(z) = == +2Eaytalz), @ >0, v>0,

I(y)

1 Z
W/o (z=1)* " Eqy(kt®) 1" \dt =2 " Eq y1q(kz*), @ >0, y>0.

Taking (38) into account, the equation (41) we rewrite as

ul,n(t) = (letyilEa,y( - .ul,nta)+
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v k

1+)Ll;” r=1

t
+ Tl,n,r/ Sr(t_s)ailEa,a(_ul‘n(t_s)a) ds. (42)
o ;

Substituting the presentation (42) into (39), we obtain

T
Tl,n,r:/o Sr[¢l,nsy71Ea,y(_ul,nSa)+

k
\4 S B
+1+A‘17njz:111-,”-,]./0 er(s_e)a IEOC,(X(_,UI,n(S_e)a) de|ds

or we obtain a linear system of countable system of algebraic equations (LSCSAE)
k _
Tipr =V Z Tl,n,jAl,n,r,j + By r=1k, 43)
j=1

where

1 T s . 1
Al"n’r’j: m/o Sr|:/0 G'I(S—e)a Ea7a(—‘u1’n(s—6)a) do|ds=

Totr+j+l r (_1)lr!
= E ; — T ,
1_’_&1’” = =1 a,a+,/+2+l( Hin )

T
Biyr= ‘PLn/O ST Eqy (— pas®)ds =

_ T7+r - (_I)ZV'E _ T(X 44
=0Qin Z 7@_ l)' a,y+l+l( Hin ) . (44)
=0 '

We consider the following matrices

I—VAy 1, VAL 12 VA 1k
Z1,n(V)= VA12.1 1-VAi2o ... VA1 2k ’
VA1 k1 VA1 k2 v T=Aq
I—-VA 11 ... VALL(,,I) By vAl,l,(rJrl) VAL 1k
Zinn(V) = VAi2.1 <o VA1 Biz VA iy - VA12k 7
VAikt oo VAige—n Bixk VAo oo 1= VALkk

WhereAl,r,j :Al,n,r,j7 Bi,=Binr r= ﬁ
LSCSAE (43) is uniquely solvable for any finite right-hand sides, if the following non-
degeneracy condition for the Fredholm determinant is satisfied

AL,,(V) =det ZL,,(V) #0. (45)

The determinant A; ,(v) in (45), as we indicated above, is a polynomial with respect to v of
degree not higher k. The equation A; ,(v) = 0 has at most k different real roots. We denote
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them by 6, (p = 1,k,, 1 <k, <k). Then v = v, , = 0, are called as the irregular values of
the spectral parameter v. Other values of the spectral parameter v # 6, for which is true

= 1
3 |ALa (V)]

n=1

< oo,

are called — regular.
For regular values of the spectral parameter v the solution of the LSCSAE (43) has the

form

Aln r(V) N
=———" r=1k 46
Tl,n,r Al’n(v) I’ r vy ( )

where A; , (V) = det Z; ,, (V). Substituting the presentation of solution (46) of the LSCSAE
(43) into representation (42) of the Fourier coefficients u; ,(t), we derive

ul,n(t) = (pl,ntyilEa,y(_.ul,nta)"'

\% k A nr A% t B
i +A All ((v)) /0 5"t =) Eq.a( = anlt —5)%) ds. 47
M =1 n

Taking
!

t
[ =9 B = e =) ds =17 [ 5705 Eua(~ paalt = 5)%)ds =
0 ' 0 '

1-y+atr ay _ Tt
:r!t 14 Ea’a+r+1(_u1’nt ):7(

1 F _Ea,r+1(_.u1,nta))

into account, instead of the countable system of equation (47) we consider the following CS

tliyul,n(t) = (Pl,nEa,y( - ,ul,nta)+

1 v u Ay nr(V) 1— 1
- LA 7+r(__E _ s ) 48
+ 1+ A«l,n l'Ll,n =1 Al"n(V) r r! Ot,r+1( ou“lﬂ'l ) ’ ( )

where

Mo 2qnr 2
= . s ), = 7n:1727...,
Moo =150, M b +q

q— p =1, p and g be coprime positive integers.
From CS (48) we obtain the following Fourier series

U (t,x) = Y O1a(x) [(Pl,nEa,y( — Wit ®)+
n=1

+

k
v Ainr(V) 1oyir (1 o

———t ——E — Uyt ! 49
R gt P () ), “

where we took into account that

1 \% 1 % \%

1+)Ll,n.uT,n - 1"’/111: Mo )Ll,n'
1+
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By the same way, similarly to (48) and (49) for the CS of differential equation (23) with initial
value condition (27) we obtain

tlimz,m(t) = ¢2,mEa7y( - Iiz,mta)-f-

P ox
% Ao r(V) - ( 1 )
4y =y vt _ ) . "

Az”"r:Zl Ao m(V) ' r! art1 (= Homt®) (50)

=

0 1,5) = L Do) [ 2mEay(— Hamt®)+

m=

v & A (V) 1
Yy 22 eyt (2 g (= mt“> !}, 51
lz,m,; R (V) <r! ari1 (= tomt®) | r (51)

—

where
1

—_— << oo,
ngll ‘AZ,m(V)’

1—=VvAs 1, VA1 e VArigk
VAZ’ZJ 1-— VAZ,Z,Z cee VA2727k

VAZ,kJ V/iz,kg | _AZ,ch
1—1/1527171 W§2,1,(r*1) 1?271 WSZJ’(,H) V%Z,l,k
Az,m,r(v) _ VA22.1 co VA1) Baa VA g1y - VA2 5 & 7
VAgin o VAo Bax VA oo 1—VAyk

Toz+r+j+1 r (—l)lr!
E o1 (— MomT?),
1+A427m Pt (r—l)! o,0+j+2+ ( IJ’ ,m )

A2 myrj =

D ~ Vand - (_l)lr' o
By = Q2T Z TZ)'EO"HIH ( — T )7
=0 :
A'Z,m

=M = Qgmr), m=1,2. ...
1_’_;{2””’ 2,m (qm ) , m )~y

Hom

Now we will solve the CS of integro-differential equations (22) with initial value condition
(26). We rewrite (22) as

v
1+ )vz’m

T
Da’YMZ,m(t) +.u2,m“27m(t) = /0 K(t,s) “27m(s)ds+hm(t)’ (52)

where

or, taking (50) into account, we have

2 om | - .
hm(t):—H/é’ D“”[tpz,mEa,y(—uz,mt“)tV '+
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Vo Ao (v) 1
..’Llr ' ——F ’ _ mtOt _
+A«27m r; Aom(V) r (r! a1 (= o, ))}

2/ m

B 1 +7Lz,m

_ _ Vo o& Aas(v) 1
(PZ,mEa,y(_IJZ,mta)l‘y 1+m;i7(("))t r! (ﬁ—Ea,r+1(_N2,ml‘a))‘| .

So, the functions Ay,(¢) is known and for them is true the following estimate

= 1
()| < Cay [ Y T 1 G20) y00,17s Ao = (2gmm)*, 0 < Cy = const. (53)
m=1 S

The equation (52) we rewrite as

D%y (1) = — Mo 2 (1) + g2.m(2), (54
where )
Som(t) = m r; 1" Ty + (1),
T
Ty = /0 S Uy m r(8)ds. (55)

By the similar way, as in the case of equation (21), for (54) we derive

t
ur () = (pz"mﬂ*lEmy( — [,Lz,mt“) —l—/o s"(t—s) O‘flEa,a (— Mo (1 — s)a) B (s)ds+

k

t
+ TZ,m‘r/ s’(t—s)aflEma(—[.Lz,m(t—s)a)ds. (56)
" Jo :

1+ /'Lzm —1
Substituting the representation (56) into (55), we obtain a linear system of CS of algebraic
equations (LSCSAE)

k
Qmr =V Z TZ,m,jAZ,m,r,j +B2,m,r7 r= l,k, (57)
i=1
where - l
ToHrHHL (1))
A L — E . _ T(X
2,m,r, j 1+ Ao P (r—1)! a7a+1+2+l( Hom ),

" (=1
Boynr = @ouT"" Y ( )1 T Ea st (— 2T ®)+
= (r=10)!
t
+ / 50— )9 Egua(— Ham(t — $)%) h(s)ds. (58)
0
The determinant
1-— VA27171 VA2’1’2 . VAZ,I,k
VA2’2’1 1-— VA2’2’2 . VAZ,Z,k

Az’m(V) =

VA21k71 VA27k’2 R | _A27k,k
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is a polynomial with respect to v of degree not higher k. The equation A, ,,(v) = 0 has at most k
different real roots. We denote them by 6, (p = 1,k,, 1 <k, <k). Then v = V4, = 6, called
irregular values of the spectral parameter v. Other values of the spectral parameter v # 6,, for
which is true N |

—— < oo,
L imn )

we call as the regular values.
For regular values of the spectral parameter v the solution of the LSCSAE (57) has the

form
Ty = %’ r=1,k, (59)
where
1—-VvAy11 ... vAz,l,(r,U B>, VAZ’L(,H) VA2 1k
Ao r(V) = VAo ... VAya o1y Bap VArp ) oo VA2k
VA k1 VAM(,,U By VAM(,H) coo 1 =VAy 1k

Substituting the presentation of solution (59) of the LSCSAE (57) into representation (56) of
the Fourier coefficients u; ,(f), we derive

ot
tlfyuz,m(t) =@ mEay(— tomt®) + /0 11V (1 —s) aflEa,a( — o (1 — 5)%) B (5)d s+

+

v & A(v)
M Y (s _ ocflE _ o
T L /0 TS (= 5) B (— o m(t — 5)%) ds, (60)

1YU2tx

HMB

[(PZ mEa, 7( .uZ,mta)"'

—I—/ 11Vt —5) % lEaa( [.szm(t—s)“)hm(s)ds—i—

v w L=y+r l_ _ o |
7L2mr, Aan(V) ' r! Eori1 (= Homt®) ) 11 (61)

4 Unique solvability of the mixed problem

We prove the uniqueness of the solution to the problem. To establish the uniqueness of the
solution to the mixed problem (1)—(5), we show that with a homogeneous initial condition
(117U (1,x)] ,—o = 0, this problem has only a trivial solution. Indeed, in condition (2) we
assume that ¢(x) = 0. Then @y = @1, = @2, = P2, = 0. From the representations (36), (49),
(51) and (61) implies that

1
ﬂﬂwmzﬁﬂﬂ%mw%mem

-1
tliyul,n(t) = /0 tliyUl(Ly)wl,n(y)dyEOa n= 1727"'7
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1
(it = [ 3) Ba (Y =0, = 1,2,

1 ~
' i (1) :/0 !0 (t,y) 00 (v)dy =0, m=1,2,...

Hence, due to the completeness of systems of eigenfunctions { @y, (x)}::l, {wzm(x)}zzl ,
{@m(x)},_, inspace L,[0,1], we conclude that 1!~ [Up(t,x) + U\ (t,x) + Us (1,x) + Us(1,x)] =
0 for all x € [0,1] and ¢ € [0, T]. Consequently, if mixed problem (1)—(5) has a solution, then
this solution is unique in the domain [0, 1].

Let us use the following well-known Banach space. Space L,[0, 1] of square summable

functions on an interval [0, 1] with a norm

1
116 oy =1/ ) 1m0 Py <o

Smoothness condition. Let in the segment [0, 1] the function ¢ (x) € C[0, 1] has the piece-
wise continuous derivative with respect to x up to the sixth order. Then, we integrate by parts

1 -1 1
0= [ 00) 010N G2 = [ 00 B2y, Brn= [ 00 021}y

six times on the variable x and obtain the results

(v) ‘

(v)

4 4 5

p —+ q ’ (PI’n 1 ‘ (PZ,m 1 ‘ (szm

< (222 <[ — 4 — 2
|(P1,n| — < 26]717 > I’l4 ) |(P2,m| = <26]7'C m4 + 26]717 m5 ) (6 )

~ < 1 6 ‘ (Pz,m
(PZ,m = Zq—ﬂ' m6 )

14 1 94
) o(y) vy _ o)
= [ SR ey off) = [ e )y

where

VD — 1%(y)
m 0 0y°
We will use the following property of the Mittag—Leffler function [31, vol. 1, pp. 269-
295]: forall @ € (0,1), ¥ € R and argz = 7 there takes place the following estimate

@ (y) dy.

My

|Eay(z)| < Tr

where 0 < My = const does not depend from z. In particularly, foral 0 < ¢ <y <1,0< u; , <
1, i = 1,2, we have the estimate

| Eay(—Hint®) | < Mo.

Theorem. Let the condition A and smoothness condition be satisfied. Then for the regu-
lar values of the parameter v the functions (36), (49), (51) and (61) converge absolutely and
uniformly in the domain .. Moreover, the solution of the mixed problem (1)—(4) belongs to the
class of functions (5).
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Proof. It is not difficult to see that the function (36) is bounded. Let us show the absolute
and uniform convergence of the Fourier series (49). The proof of convergence for other series
(51) is similar. Taking (44) and (62) into account and applying the Cauchy—Shwartz inequality,
for the regular values of the parameter v from series (49) we derive

[0 (0) | < Y 1000001 [ @1y (— p1,0%) |+

n=1
VI % (AL (V)|
nn 1 Y+r r!:| S

4+—
)Ll,n —1 |Aln( )|

1
ﬁ - Ea,r+1 ( - .ul,nta)

) | ot +q\ g 1
prq n pPTq
<My| —— oMy <
() e (2 E v
p+q> © 1]d%eix) (p+q> o 1
<M = +CoM,y o)l < oo
( 27 ”; nd axt o0 27 n;l n* L0.1]
where 0 < C, = const,
k tl v+r 1 o
My =|v]| 12::1<mefo A — Egri1 (= i at%) [ ! < oo,

Taking representations (58), estimates (53) and (62) into account, for the regular values of
the parameter v from series (61) we obtain

=)

| 00) | < X (920 ]| @2mEa(— Homt®) |+

m=1

+/ 1= Vs"(r—s)% lEaa( [,Lz,m(t—s)a) | i () | ds—+

V] & B 1 E

lz,m —1 |A2,m(\/) |
M0 T (a4 T Mo ma )] [[ 17— )7 <

m=1

1
F - Ea,r+1 ( - .uZ,mta)

o] o]

+4
)’§7m A’%’m \/ A«Z‘m

m=1
| | -
+M> mZ::1 FE [192(x) [l ,0,1 + C3 mZ::1 Tom [ @2() [ ,00,1) <
> = 1 | o
f”%Zb/ Ve
m=1 m=1""2m

54 P()
=1 1
+My, Y i [ 92(x) [l 0,1 +C3 Z Tom [ @2(x) [ y10,1) < °°

m=1

SMoi ‘

°

W‘PZ(X) +

|
4L o
m=1""2m

Lz[O,l] LZ[Ovl]
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where

13
Cy= CzMomtax/ (- )% Vs, Agm = (2qmm)?,
0

k t1=rtr 1
o

_|_Ea,r+l(_.u2,mt ) rl < eo.

r.

M, =1|v Thx TNy
= V] max max Y 3]

It is easy to see that

max { |t TDAYU(t,x) |, [t TD* U (2,) | } <oo, i=1,2,

max { [T EY Ty (t,x) |, |1 TTD O Oy (2,) | } <eo.

The theorem is proved.
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