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Abstract: In the article a partial integro-differential equation with degenerate kernel and Hilfer

fractional operator is considered. The issues of unique classical solvability and construction

of a solution to a mixed problem for a homogeneous integro-differential equation containing a

Hilfer fractional analogue of the Barenblatt–Zheltov–Kochina operator are studied. The Fourier

series method based on the separation of variables was used. By the aid of the Mittag–Leffler

function is obtained a countable system. Sufficient coefficient conditions for unique classical

solvability of the mixed problem are established. The absolute and uniform convergence of the

obtained series is proved.

Keywords: integro-differential equation, Hilfer fractional analog of the Barenblatt–Zheltov–

Kochina operator, degenerate kernel, regular solvability.

1 Introduction

The main provisions and equations of the theory of non-stationary filtration in fractured-pore

formations are formulated in the work of G. I. Barenblatt, Yu. P. Zheltov and I. N. Kochin

[19] (see also [22]) and then developed by many authors [34, 26, 27, 48, 51, 52]. The theory

and applications of fractional calculus have been rapidly developed by many authors (see, for

example, [31, 57, 35, 36, 42, 37, 47, 50, 53]). Fractional order ordinary differential equations

are studied in many works (see, for example [15, 16, 29, 33, 45, 61, 62]). To study periodic

solutions of fractional order ordinary differential equations are devoted many works of large

number of mathematicians (see, for example, [3, 13, 14, 38, 63, 64, 65]). The generalized

integro-differentiation operator is a continuous interpolation of the well-known fractional order

differentiation operators of Riemann–Liouville and Caputo, which describe diffusion processes

[57, vol. 1, pp. 47–85]. A physical and engineering interpretation of the generalized fractional
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operator is given in [57, vol. pp. 4–8]. Note that boundary value conditions of the type

(3) (see below) take place in modeling problems of the flow around a profile by a subsonic

velocity stream with a supersonic zone. Different mixed and boundary value problems for

partial differential and integro-differential equations were studied in the works of many authors,

in particular, in [1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 23, 24, 25, 28, 30, 41, 43, 44, 46, 59, 60, 66, 67,

68, 69, 70, 71, 72]. Sturm–Liouville and associated problems are considered by many authors

(see, for examples, [18, 20, 21, 32, 39, 40, 49, 54, 55, 56, 58]).

In our work, the problem of small denominators does not arise. We consider a mixed

problem for a linear integro-differential equation with Hilfer operator of fractional integro-

differentiation. The Fourier method of separation of variables is used taking into account the

features of the fractional integro-differentiation operator and linearity of the problem. The

obtained spectral problem is solved. Thus, in the domain Ω ≡ (0,T )× (0,1) we consider the

equation
(

Dα ,γ −Dα ,γ ∂ 2

∂ x2
− ∂ 2

∂ x2

)

U(t,x) = ν

∫ T

0
K(t,s)U(s,x)ds (1)

with mixed conditions

lim
t→+0

J
1−γ
0t U(t,x) = ϕ(x), 0 ≤ x ≤ 1, (2)

U(t,0) = 0, 0 ≤ t ≤ T, (3)

Ux(t,1) =Ux(t,x0), 0 ≤ t ≤ T, 0 < x0 < 1, (4)

where ϕ(x) ∈C6[0,1],

dnϕ

dxn
|x=0 = 0,

dmϕ(x)

dxm
|x=1 =

dmϕ(x)

dxm

∣

∣

x=x0
, n = 0,2,4,6, m = 1,3,5,

K(t,s) =∑k
r=1 trsr, Dα ,γ , 0< α ≤ γ ≤ 1 is Hilfer integro-differential operator, which is defined

by the formula Dα ,γ = D
α ,β
0t = J

β (1−α)
0t

d
dt

J
(1−β )(1−α)
0t , ν is real parameter, 0 ≤ β ≤ 1, γ =

α +β −αβ , 0 < T < ∞.

Problem. It is required to find unknown function U(t,x), that satisfies the integro-differential

equation (1), the initial value condition (2), the boundary value conditions (3), (4) and belongs

to the class of functions

t1−γU ∈C(Ω), Dα ,γ U ∈C(Ω), Dα ,γ Uxx ∈C(Ω), Uxx ∈C(Ω), (5)

where Ω ≡ [0,T ]× [0,1].

2 Eigenvalues and eigenfunctions

First, we consider homogeneous differential equation

Dα ,γ U(t,x)−Dα ,γ Uxx(t,x)−Uxx(t,x) = 0. (6)

We will look for a non-trivial particular solution of this problem in the form

U(t,x) = u(t) ·ϑ(x).
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Substituting this solution into equation (6), we obtain

Dα ,γ u(t)

Dα ,γ u(t)+ u(t)
=

ϑ ′′(x)
ϑ(x)

.

Hence, equating second fraction into (−λ ), λ ≥ 0, we obtain

ϑ ′′(x)+λ ϑ(x) = 0, λ ≥ 0. (7)

From the conditions (3) and (4), we obtain conditions for the eigenvalues λ and eigenfunctions

ϑ(x):
ϑ(0) = 0, ϑ ′(1) = ϑ ′(x0), 0 < x0 < 1. (8)

Solving the spectral problem (7), (8), we derive eigenvalues (see [17])

λ0 = 0, λ1,n =

(

2nπ

1+ x0

)2

, λ2,n =

(

2nπ

1− x0

)2

, n ∈N. (9)

Eigenfunctions, corresponding to the eigenvalues (9), have the forms

ϑ0(x) = x, ϑi,n(x) = sin

√

λi,nx, i = 1,2, n ∈ N. (10)

Condition A. Let x0 be a rational number from the interval (0,1) such that x0 =
p
q

, p < q,

q− p = 1, p and q be coprime positive integers. If condition A is satisfying, then solving

problem (7), (8), instead (9) we obtain

λ0 = 0, λ1,n =

(

2qnπ

p+ q

)2

, λ2,m = (2qmπ)2
, n,m ∈ N, n 6= m(p+ q). (11)

These eigenvalues correspond to eigenfunctions in (10). For each value of λ2,m, there also exist

associated functions of the form

ϑ̃2,m(x) = xcos

√

λ2,mx. (12)

Along with problem (7), (8), we also consider the problem adjoint to it. It is not difficult to

determine that the following problem will be adjoint to problem (7), (8):

ω ′′(x)+λ ω(x) = 0, λ ≥ 0, x ∈
(

0,x0

)

∪
(

x0,1
)

, (13)

ω(0) = 0, ω ′(1) = 0, (14)

ω ′(x0 + 0) = ω ′(x0 − 0), ω
(

x0 + 0
)

−ω
(

x0 − 0
)

= ω(1). (15)

Problem (13)–(15) also has eigenvalues of the form (11). Solving this problem, it is not difficult

to see that the eigenfunctions have the form

{

ω0(x); ω1,n(x); ω2,m(x)
}

, n,m ∈ N, n 6= m(p+ q). (16)

where

ω0(x) =

{

0, x ∈ [0,x0),
2

1−x2
0

, x ∈ (x0,1],
ω1,n(x) =











4sin
√

λ1,nx

1+x0
, x ∈ [0,x0),

2cos
√

λ1,n(1−x)

(1+x0)sin
√

λ1,n
, x ∈ (x0,1],
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ω2,m(x) =

{

0, x ∈ [0,x0),
4cos

√
λ2,mx

1−x0
, x ∈ (x0,1].

Reasoning similarly for the problem (11)–(14), we obtain the same results. We note that

there also exist associated functions of the form

ω̃2,m(x) =







4sin
√

λ2,mx

1+x0
, x ∈ [0,x0),

4(1−x)sin
√

λ2,mx

1−x2
0

, x ∈ (x0,1].
(17)

We note that systems of functions (10), (12) and (16), (17) are biorthonormal in L2[0,1]:

(

ϑ0(x), ω0(x)
)

= 1,
(

ϑ0(x), ω1,n(x)
)

=
(

ϑ0(x), ω2,m(x)
)

=
(

ϑ0(x), ω̃2,m(x)
)

= 0,

(

ϑ1,n(x), ω1,k(x)
)

=

{

1, n = k,

0, n 6= k,

(

ϑ1,n(x), ω0(x)
)

=
(

ϑ1,n(x), ω2,m(x)
)

=
(

ϑ1,n(x), ω̃2,m(x)
)

= 0,

(

ϑ2,m(x), ω̃2,k(x)
)

=

{

1, m = k,

0, m 6= k,

(

ϑ2,m(x), ω0(x)
)

=
(

ϑ2,m(x), ω1,n(x)
)

=
(

ϑ2,m(x), ω2,k(x)
)

= 0,

(

ϑ̃2,m(x), ω2,k(x)
)

=

{

1, m = k,

0, m 6= k,

(

ϑ̃2,m(x), ω0(x)
)

=
(

ϑ̃2,m(x), ω̃2,k(x)
)

= 0,

where (·, ·) is the inner product in L2[0,1].

It is not difficult to see that if the condition A is satisfying, then the systems of root func-

tions of problems (7), (8) and (13)–(15) form a Riesz basis in L2[0,1]. Taking into account the

formulas (10) and (16), we look for a solution

U(t,x) =U0(t,x)+U1(t,x)+U2(t,x)+Ũ2(t,x) (18)

to the problem (1)–(4) in the following Fourier series:

U(t,x) = u0(t)ϑ0(x)+
∞∗
∑
n=1

u1,n(t)ϑ1,n(x)+
∞

∑
m=1

[

u2,m(t)ϑ2,m(x)+ ũ2,m(t) ϑ̃2,m(x)
]

, (19)

where

u0(t) =
∫ 1

0
U0(t,y)ω0(y)dy, u1,n(t) =

∫ 1

0
U1(t,y)ω1,n(y)dy,

u2,m(t) =

∫ 1

0
U2(t,y)ω̃2,m(y)dy, ũ2,m(t) =

∫ 1

0
Ũ2(t,y)ω2,m(y)dy.

Here ”*” means that the sum is taken over n ∈ N, different from k(q+ p), k ∈ N.
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3 Reducing the solution to problem (1)–(4) to a countable system of non-

linear integral equations

Let the condition A be satisfied and a function U(t,x) be a solution to the mixed problem (1)–

(4). Then, applying representation (19) into equation (1) and taking (10) and (18) into account,

we obtain

Dα ,γ

{

xu0(t)+
∞∗
∑
n=1

u1,n(t)ϑ1,n(x)+
∞

∑
m=1

[

u2,m(t)ϑ2,m(x)+ ũ2,m(t) ϑ̃2,m(x)
]

+

+
∞∗
∑
n=1

λ1,nu1,n(t)ϑ1,n(x)+
∞

∑
m=1

[

λ2,mu2,m(t)ϑ2,m(x)+ ũ2,m(t)

(

2

√

λ2,mϑ2,m(x)+λ2,mϑ̃2,m(x)

)]}

+

+
∞∗
∑
n=1

λ1,nu1,n(t)ϑ1,n(x)+
∞

∑
m=1

[

λ2,mu2,m(t)ϑ2,m(x)+ ũ2,m(t)

(

2

√

λ2,mϑ2,m(x)+λ2,mϑ̃2,m(x)

)]

=

= ν

∫ T

0
K(t,s)

[

xu0(s)+
∞∗
∑
n=1

u1,n(s)ϑ1,n(x)+
∞

∑
m=1

[

u2,m(s)ϑ2,m(x)+ ũ2,m(s)ϑ̃2,m(x)
]

]

ds.

Hence, taking (16) and (17) into account, we obtain

Dα ,γ u0(t) = ν

∫ T

0
K(t,s)u0(s)ds, (20)

Dα ,γ u1,n(t)+ µ1,nu1,n(t) =
ν

1+λ1,n

∫ T

0
K(t,s)u1,n(s)ds, (21)

Dα ,γu2,m(t)+ µ2,mu2,m(t) =

=− 2
√

λ2,m

1+λ2,m

(Dα ,γ ũ2,m(t)+ ũ2,m(t))+
ν

1+λ2,m

∫ T

0
K(t,s)u2,m(s)ds, (22)

Dα ,γ ũ2,m(t)+ µ2,mũ2,m(t) =
ν

1+λ2,m

∫ T

0
K(t,s) ũ2,m(s)ds, (23)

µ1,n =
λ1,n

1+λ1,n

, µ2,m =
λ2,m

1+λ2,m

,

λ1,n and λ2,m (n,m ∈ N, n 6= m(p+ q)) defined from (11).

The solving method for all fractional integro-differential equations (20), (21) and (23) is

the same. So, write the function ϕ(x) as

ϕ(x) = ϕ0(x)+ϕ1(x)+ϕ2(x)+ ϕ̃2(x).

Then we show the scheme of solving only for the equations (20) and (21). To solve the

countable system of integro-differential equations (20) and (21), from (2) we determine the

initial value condition

lim
t→+0

J
1−γ
0t u0(t) = lim

t→+0
J

1−γ
0t

∫ 1

0
U0(t,y)ω0(y)dy =

∫ 1

0
ϕ0(x)ω0(y)dy = ϕ0, (24)

lim
t→+0

J
1−γ
0t u1,n(t) = lim

t→+0
J

1−γ
0t

∫ 1

0
U1(t,y)ω1,n(y)dy =

∫ 1

0
ϕ1(x)ω1,n(y)dy = ϕ1,n, (25)
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lim
t→+0

J
1−γ
0t u2,m(t) = lim

t→+0
J

1−γ
0t

∫ 1

0
U2(t,y)ω̃2,m(y)dy =

∫ 1

0
ϕ2(x)ω̃2,m(y)dy = ϕ2,m, (26)

lim
t→+0

J
1−γ
0t ũ2,m(t) = lim

t→+0
J

1−γ
0t

∫ 1

0
Ũ2(t,y)ω2,m(y)dy =

∫ 1

0
ϕ2(x)ω2,m(y)dy = ϕ̃2,m. (27)

First, we solve the equation (20). In this order we rewrite the equation (20) in the form

Dα ,γ u0(t) = g0(t), (28)

where

g0(t) = ν
k

∑
r=1

trτ0,r, (29)

τ0,r =

∫ T

0
sr u0,r(s)ds. (30)

Applying the operator J α
0t to both sides of the equation (28), we have

u0(t) =
C0

Γ(γ)
t γ−1 +

1

Γ(γ)

∫ t

0
(t − s)α−1 g0(s)ds,

where C0 is arbitrary constant.

Using initial value condition (24) and designation (29), we represent the solution of the

system (28) in the form

u0(t) =
ϕ0

Γ(γ)
t γ−1 +

ν

Γ(γ)

k

∑
r=1

τ0,r

∫ t

0
(t − s)α−1 sr ds. (31)

Substituting the representation (31) into (30), we obtain

τ0,r =
ϕ0

Γ(γ)

∫ T

0
sγ+r−1ds+ν

k

∑
j=1

τ0, j
1

Γ(γ)

∫ T

0
sr

∫ s

0
θ r(s−θ )α−1 dθds

or we obtain a linear system of algebraic equations (LSAE)

τ0,r = ν
k

∑
j=1

τ0, j A0,r, j +B0,r, r = 1,k, (32)

where

A0,r, j =
1

Γ(γ)

∫ T

0
sr

∫ s

0
θ j(s−θ )α−1 dθ ds, B0,r =

ϕ0

Γ(γ)

T r+γ

r+ γ
.

We consider the following matrices for our further calculations:

Z0(ν) =









1−νA0,1,1 νA0,1,2 . . . νA0,1,k

νA0,2,1 1−νA0,2,2 . . . νA0,2,k

. . . . . . . . . . . .

νA0,k,1 νA0,k,2 . . . 1−A0,k,k









,

Z0,r(ν) =









1−νA0,1,1 . . . νA0,1,(r−1) B0,1 νA0,1,(r+1) . . . νA0,1,k

νA0,2,1 . . . νA0,2,(i−1) B0,2 νA0,2,(r+1) . . . νA0,2,k

. . . . . . . . . . . . . . . . . . . . .

νA0,k,1 . . . νA0,k,(r−1) B0,k νA0,k,(r+1) . . . 1−νA0,k,k









.
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LSAE (32) is uniquely solvable for any finite right-hand sides, if the following non-degeneracy

condition for the Fredholm determinant is satisfied

∆0(ν) = det Z0(ν) 6= 0. (33)

The determinant (33) ∆0(ν) is a polynomial with respect to ν of degree not higher k. The

equation ∆0(ν) = 0 has at most k different real roots. We denote them by θp (p = 1,kp, 1 ≤
kp ≤ k). Then ν = νp = θp called as the irregular values of the spectral parameter ν . Other

values of the spectral parameter ν 6= θp are called as the regular.

For regular values of the spectral parameter ν the solution of the LSAE (32) has the form

τ0,r =
∆0,r(ν)

∆0(ν)
, r = 1,k, (34)

where ∆0,r(ν) = det Z0,r(ν). Substituting the representation of solution (34) of the LSAE (32)

into representation (31) of the u0(t), we derive

u0(t) =
ϕ0

Γ(γ)
t γ−1 +

ν

Γ(γ)

k

∑
r=1

∆0,r(ν)

∆0(ν)

∫ t

0
(t − s)α−1 sr ds.

Hence, we obtain

t 1−γ u0(t) =
ϕ0

Γ(γ)
+

ν

Γ(γ)

k

∑
r=1

∆0,r(ν)

∆0(ν)
t 1−γ

∫ t

0
(t − s)α−1 sr ds. (35)

From (35) we have

t 1−γU0(t,x) = ϑ0(x)

[

ϕ0

Γ(γ)
+

ν

Γ(γ)

k

∑
r=1

∆0,r(ν)

∆0(ν)
t 1−γ

∫ t

0
(t − s)α−1 sr ds

]

. (36)

Now we solve the countable system (CS) of equations (21). The CS of integro-differential

equations (21) we rewrite as

Dα ,γ u1,n(t) =−µ1,nu1,n(t)+ g1,n(t), (37)

where

g1,n(t) =
ν

1+λ1,n

k

∑
r=1

trτ1,n,r, (38)

τ1,n,r =
∫ T

0
sr u1,n,r(s)ds. (39)

Applying the operator J α
0t to both sides of the equation (37), and taking into account the formula

J
γ
0t D

γ
0t u1,n(t) = u1,n(t)−

1

Γ(γ)
J

1−γ
0t u1,n(t)|t=0t γ−1

,

we have

u1,n(t) =
C1

Γ(γ)
t γ−1 + J α

0t g1,n(t)− µ1,nJ α
0t u1,n(t),

where C1 is arbitrary constant.
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Using initial value condition (25), we represent the solution of the countable system (37)

in the form

u1,n(t) =
ϕ1,n

Γ(γ)
t γ−1 + J α

0+g1,n(t)−

−µ1,n

∫ t

0
(t − s)α−1 Eα ,α

(

− µ1,n(t − s)α
)

[

ϕ1,n

Γ(γ)
sγ−1 + J α

0t g1,n(s)

]

ds.

We will write this representation in the following form

u1,n(t) = ϕ1,n

[

t γ−1

Γ(γ)
− µ1,n

Γ(γ)

∫ t

0
(t − s)α−1 Eα ,α

(

− µ1,n(t − s)α
)

sγ−1 ds

]

+

+J α
0t g1,n(t)− µ1,n

∫ t

0
(t − s)α−1 Eα ,α

(

− µ1,n (t − s)α
)

J α
0t g1,n(s)ds. (40)

In representation (40) we take into account the following relations

t γ−1

Γ(γ)
− µ1,n

Γ(γ)

∫ t

0
(t − s)α−1 Eα ,α

(

− µ1,n(t − s)α
)

sγ−1 ds = t γ−1 Eα ,γ

(

− µ1,nt α
)

,

∫ t

0
(t − s)α−1 Eα ,α

(

− µ1,n (t − s)α
)

J α
0t g1,n(s)ds =

=
1

Γ(α)

∫ t

0
(t − s)α−1 Eα ,α

(

− µ1,n(t − s)α
)

ds

∫ s

0
(s−θ )α−1 g1,n(θ )dθ =

=
1

Γ(α)

∫ t

0
g1,n(s)ds

∫ t

s
(t − s)α−1 (s−θ )α−1 Eα ,α

(

− µ1,n(t −θ )α
)

dθ ,

∫ t

s
(t − s)α−1(s−θ )α−1 Eα ,α

(

− µ1,n(t −θ )α
)

dθ =

= Γ(α)(t − s)2α−1 Eα ,2α

(

− µ1,n(t − s)α
)

.

By virtue of these relations, from the presentation (40) we obtain

u1,n(t) = ϕ1,nt γ−1 Eα ,γ

(

− µ1,nt α
)

+

∫ t

0
(t − s)α−1 Eα ,α

(

− µ1,n(t − s)α
)

g1,n(s)ds, (41)

where Eα ,γ(z) is Mittag–Leffler function

Eα ,γ(z) =
∞

∑
m=0

zm

Γ(α m+ γ)
, z,α,γ ∈ C, Re(α)> 0.

In obtaining the equation we took into account the following representations

Eα ,γ(z) =
1

Γ(γ)
+ zEα ,γ+α(z), α > 0, γ > 0,

1

Γ(α)

∫ z

0
(z− t)α−1 Eα ,γ

(

kt α
)

t γ−1dt = zγ+α−1 Eα ,γ+α

(

kzα
)

, α > 0, γ > 0.

Taking (38) into account, the equation (41) we rewrite as

u1,n(t) = ϕ1,ntγ−1Eα ,γ

(

− µ1,ntα
)

+
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+
ν

1+λ1,n

k

∑
r=1

τ1,n,r

∫ t

0
sr(t − s)α−1 Eα ,α

(

− µ1,n(t − s)α
)

ds. (42)

Substituting the presentation (42) into (39), we obtain

τ1,n,r =

∫ T

0
sr
[

ϕ1,nsγ−1 Eα ,γ

(

− µ1,nsα
)

+

+
ν

1+λ1,n

k

∑
j=1

τ1,n, j

∫ s

0
θ r(s−θ )α−1 Eα ,α

(

− µ1,n(s−θ )α
)

dθ

]

ds

or we obtain a linear system of countable system of algebraic equations (LSCSAE)

τ1,n,r = ν
k

∑
j=1

τ1,n, jA1,n,r, j +B1,n,r, r = 1,k, (43)

where

A1,n,r, j =
1

1+λ1,n

∫ T

0
sr

[

∫ s

0
θ j(s−θ )α−1 Eα ,α

(

− µ1,n(s−θ )α
)

dθ

]

ds =

=
T α+r+ j+1

1+λ1,n

r

∑
l=0

(−1)lr!

(r− l)!
Eα ,α+ j+2+l

(

− µ1,nT α
)

,

B1,n,r = ϕ1,n

∫ T

0
sr+γ−1Eα ,γ

(

− µ1,nsα
)

ds =

= ϕ1,nT γ+r
r

∑
l=0

(−1)lr!

(r− l)!
Eα ,γ+1+l (−µ1,nT α) . (44)

We consider the following matrices

Z1,n(ν) =









1−νA1,1,1 νA1,1,2 . . . νA1,1,k

νA1,2,1 1−νA1,2,2 . . . νA1,2,k

. . . . . . . . . . . .

νA1,k,1 νA1,k,2 . . . 1−A1,k,k









,

Z1,n,r(ν) =









1−νA1,1,1 . . . νA1,1,(r−1) B1,1 νA1,1,(r+1) . . . νA1,1,k

νA1,2,1 . . . νA1,2,(r−1) B1,2 νA1,2,(r+1) . . . νA1,2,k

. . . . . . . . . . . . . . . . . . . . .

νA1,k,1 . . . νA1,k,(r−1) B1,k νA1,k,(r+1) . . . 1−νA1,k,k









,

where A1,r, j = A1,n,r, j, B1,r = B1,n,r, r = 1,k.

LSCSAE (43) is uniquely solvable for any finite right-hand sides, if the following non-

degeneracy condition for the Fredholm determinant is satisfied

∆1,n(ν) = det Z1,n(ν) 6= 0. (45)

The determinant ∆1,n(ν) in (45), as we indicated above, is a polynomial with respect to ν of

degree not higher k. The equation ∆1,n(ν) = 0 has at most k different real roots. We denote
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them by θp (p = 1,kp, 1 ≤ kp ≤ k). Then ν = νn+p = θp are called as the irregular values of

the spectral parameter ν . Other values of the spectral parameter ν 6= θp, for which is true

∞

∑
n=1

1

|∆1,n(ν)|
< ∞,

are called – regular.

For regular values of the spectral parameter ν the solution of the LSCSAE (43) has the

form

τ1,n,r =
∆1,n,r(ν)

∆1,n(ν)
, r = 1,k, (46)

where ∆1,n,r(ν) = det Z1,n,r(ν). Substituting the presentation of solution (46) of the LSCSAE

(43) into representation (42) of the Fourier coefficients u1,n(t), we derive

u1,n(t) = ϕ1,nt γ−1 Eα ,γ

(

− µ1,nt α
)

+

+
ν

1+λ1,n

k

∑
r=1

∆1,n,r(ν)

∆1,n(ν)

∫ t

0
sr(t − s)α−1Eα ,α

(

− µ1,n(t − s)α
)

ds. (47)

Taking

∫ t

0
t1−γsr(t − s)α−1Eα ,α

(

− µ1,n(t − s)α
)

ds = t1−γ
∫ t

0
sr(t − s)α−1Eα ,α

(

− µ1,n(t − s)α
)

ds =

= r! · t 1−γ+α+rEα ,α+r+1

(

− µ1,ntα
)

=
r! · t 1−γ+r

µ1,n

( 1

r!
−Eα ,r+1

(

− µ1,ntα
)

)

into account, instead of the countable system of equation (47) we consider the following CS

t 1−γu1,n(t) = ϕ1,nEα ,γ

(

− µ1,nt α
)

+

+
1

1+λ1,n

ν

µ1,n

k

∑
r=1

∆1,n,r(ν)

∆1,n(ν)
r! · t 1−γ+r

( 1

r!
−Eα ,r+1

(

− µ1,ntα
)

)

, (48)

where

µ1,n =
λ1,n

1+λ1,n

, λ1,n =

(

2qnπ

p+ q

)2

, n = 1 , 2 , . . . ,

q− p = 1, p and q be coprime positive integers.

From CS (48) we obtain the following Fourier series

t 1−γU1(t,x) =
∞∗
∑
n=1

ϑ1,n(x)
[

ϕ1,nEα ,γ

(

− µ1,nt α
)

+

+
ν

λ1,n

k

∑
r=1

∆1,n,r(ν)

∆1,n(ν)
t 1−γ+r

(

1

r!
−Eα ,r+1

(

− µ1,ntα
)

)

r!

]

, (49)

where we took into account that

1

1+λ1,n

ν

µ1,n

=
1

1+λ1,n

ν
λ1,n

1+λ1,n

=
ν

λ1,n

.
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By the same way, similarly to (48) and (49) for the CS of differential equation (23) with initial

value condition (27) we obtain

t 1−γ ũ2,m(t) = ϕ̃2,mEα ,γ

(

− µ2,mt α
)

+

+
ν

λ2,m

k

∑
r=1

∆̃2,m,r(ν)

∆̃2,m(ν)
r! · t 1−γ+r

(

1

r!
−Eα ,r+1

(

− µ2,mtα
)

)

, (50)

t 1−γŨ2(t,x) =
∞

∑
m=1

ϑ̃2,m(x)
[

ϕ̃2,mEα ,γ

(

− µ2,mt α
)

+

+
ν

λ2,m

k

∑
r=1

∆̃2,m,r(ν)

∆̃2,m(ν)
t 1−γ+r

(

1

r!
−Eα ,r+1

(

− µ2,mtα
)

)

r!

]

, (51)

where
∞

∑
n=1

1
∣

∣∆̃2,m(ν)
∣

∣

< ∞,

∆̃2,m(ν) =

∣

∣

∣

∣

∣

∣

∣

∣

1−νÃ2,1,1 νÃ2,1,2 . . . νÃ2,1,k

νÃ2,2,1 1−νÃ2,2,2 . . . νÃ2,2,k

. . . . . . . . . . . .

νÃ2,k,1 νÃ2,k,2 . . . 1− Ã2,k,k

∣

∣

∣

∣

∣

∣

∣

∣

6= 0,

∆̃2,m,r(ν) =









1−νÃ2,1,1 . . . νÃ2,1,(r−1) B̃2,1 νÃ2,1,(r+1) . . . νÃ2,1,k

νÃ2,2,1 . . . νÃ2,2,(r−1) B̃2,2 νÃ2,2,(r+1) . . . νÃ2,2,k

. . . . . . . . . . . . . . . . . . . . .

νÃ2,k,1 . . . νÃ2,k,(r−1) B̃2,k νÃ2,k,(r+1) . . . 1−νÃ2,k,k









,

Ã2,m,r, j =
T α+r+ j+1

1+λ2,m

r

∑
l=0

(−1)lr!

(r− l)!
Eα ,α+ j+2+l

(

− µ2,mT α
)

,

B̃2,m,r = ϕ̃2,mT γ+r
r

∑
l=0

(−1)lr!

(r− l)!
Eα ,γ+1+l

(

− µ2,mT α
)

,

µ2,m =
λ2,m

1+λ2,m

, λ2,m = (2qmπ)2
, m = 1, 2, . . .

Now we will solve the CS of integro-differential equations (22) with initial value condition

(26). We rewrite (22) as

Dα ,γu2,m(t)+ µ2,mu2,m(t) =
ν

1+λ2,m

∫ T

0
K(t,s)u2,m(s)ds+ hm(t), (52)

where

hm(t) =− 2
√

λ2,m

1+λ2,m

(

Dα ,γ ũ2,m(t)+ ũ2,m(t)
)

or, taking (50) into account, we have

hm(t) =− 2
√

λ2,m

1+λ2,m

Dα ,γ
[

ϕ̃2,mEα ,γ

(

− µ2,mt α
)

t γ−1+
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+
ν

λ2,m

k

∑
r=1

∆̃2,m,r(ν)

∆̃2,m(ν)
t rr!

(

1

r!
−Eα ,r+1

(

− µ2,mtα
)

)]

−

− 2
√

λ2,m

1+λ2,m

[

ϕ̃2,mEα ,γ

(

− µ2,mt α
)

t γ−1 +
ν

λ2,m

k

∑
r=1

∆̃2,m,r(ν)

∆̃2,m(ν)
t rr!

(

1

r!
−Eα ,r+1

(

− µ2,mtα
)

)

]

.

So, the functions hm(t) is known and for them is true the following estimate

|hm(t) | ≤C2

√

∞

∑
m=1

1

λ2,m

‖ ϕ̃2(x)‖L2[0,1]
, λ2,m = (2qmπ)2

, 0 <C2 = const. (53)

The equation (52) we rewrite as

Dα ,γ u2,m(t) =−µ2,m u2,m(t)+ g2,m(t), (54)

where

g2,m(t) =
ν

1+λ2,m

k

∑
r=1

trτ2,m,r + hm(t),

τ2,m,r =
∫ T

0
sr u2,m,r(s)ds. (55)

By the similar way, as in the case of equation (21), for (54) we derive

u2,m(t) = ϕ2,mt γ−1 Eα ,γ

(

− µ2,mt α
)

+
∫ t

0
sr(t − s)α−1 Eα ,α

(

− µ2,m(t − s)α
)

hm(s)ds+

+
ν

1+λ2,m

k

∑
r=1

τ2,m,r

∫ t

0
sr(t − s)α−1 Eα ,α

(

− µ2,m(t − s)α
)

ds. (56)

Substituting the representation (56) into (55), we obtain a linear system of CS of algebraic

equations (LSCSAE)

τ2,m,r = ν
k

∑
j=1

τ2,m, j A2,m,r, j +B2,m,r, r = 1,k, (57)

where

A2,m,r, j =
T α+r+ j+1

1+λ2,m

r

∑
l=0

(−1)lr!

(r− l)!
Eα ,α+ j+2+l

(

− µ2,mT α
)

,

B2,m,r = ϕ2,mT γ+r
r

∑
l=0

(−1)lr!

(r− l)!
Eα ,γ+1+l

(

− µ2,mT α
)

+

+
∫ t

0
sr(t − s)α−1 Eα ,α

(

− µ2,m(t − s)α
)

hm(s)ds. (58)

The determinant

∆2,m(ν) =

∣

∣

∣

∣

∣

∣

∣

∣

1−νA2,1,1 νA2,1,2 . . . νA2,1,k

νA2,2,1 1−νA2,2,2 . . . νA2,2,k

. . . . . . . . . . . .

νA2,k,1 νA2,k,2 . . . 1−A2,k,k

∣

∣

∣

∣

∣

∣

∣

∣
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is a polynomial with respect to ν of degree not higher k. The equation ∆2,m(ν) = 0 has at most k

different real roots. We denote them by θp (p = 1,kp, 1 ≤ kp ≤ k). Then ν = νm+p = θp called

irregular values of the spectral parameter ν . Other values of the spectral parameter ν 6= θp, for

which is true
∞

∑
m=1

1

|∆2,m(ν)|
< ∞,

we call as the regular values.

For regular values of the spectral parameter ν the solution of the LSCSAE (57) has the

form

τ2,m,r =
∆2,m,r(ν)

∆2,m(ν)
, r = 1,k, (59)

where

∆2,m,r(ν) =

∣

∣

∣

∣

∣

∣

∣

∣

1−νA2,1,1 . . . νA2,1,(r−1) B2,1 νA2,1,(r+1) . . . νA2,1,k

νA2,2,1 . . . νA2,2,(r−1) B2,2 νA2,2,(r+1) . . . νA2,2,k

. . . . . . . . . . . . . . . . . . . . .

νA2,k,1 . . . νA2,k,(r−1) B2,k νA2,k,(r+1) . . . 1−νA2,k,k

∣

∣

∣

∣

∣

∣

∣

∣

.

Substituting the presentation of solution (59) of the LSCSAE (57) into representation (56) of

the Fourier coefficients u1,n(t), we derive

t 1−γ u2,m(t) = ϕ2,mEα ,γ

(

− µ2,mt α
)

+

∫ t

0
t 1−γsr(t − s)α−1 Eα ,α

(

− µ2,m(t − s)α
)

hm(s)ds+

+
ν

1+λ2,m

k

∑
r=1

∆2,m,r(ν)

∆2,m(ν)

∫ t

0
t 1−γsr(t − s)α−1 Eα ,α

(

− µ2,m(t − s)α
)

ds, (60)

t 1−γU2(t,x) =
∞

∑
m=1

ϑ2,m(x)
[

ϕ2,mEα ,γ

(

− µ2,mt α
)

+

+
∫ t

0
t 1−γ sr(t − s)α−1 Eα ,α

(

− µ2,m(t − s)α
)

hm(s)ds+

+
ν

λ2,m

k

∑
r=1

∆2,m,r(ν)

∆2,m(ν)
t 1−γ+r

(

1

r!
−Eα ,r+1

(

− µ2,mtα
)

)

r!

]

. (61)

4 Unique solvability of the mixed problem

We prove the uniqueness of the solution to the problem. To establish the uniqueness of the

solution to the mixed problem (1)–(5), we show that with a homogeneous initial condition
[

t 1−γU(t,x)
]

t=0
≡ 0, this problem has only a trivial solution. Indeed, in condition (2) we

assume that ϕ(x) ≡ 0. Then ϕ0 = ϕ1,n = ϕ2,m = ϕ̃2m = 0. From the representations (36), (49),

(51) and (61) implies that

t 1−γu0(t) =

∫ 1

0
t 1−γU0(t,y)ω0(y)dy ≡ 0,

t 1−γ u1,n(t) =

∫ 1

0
t 1−γU1(t,y)ω1,n(y)dy ≡ 0, n = 1,2, ...,
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t 1−γu2,m(t) =

∫ 1

0
t 1−γU2(t,y)ω̃2,m(y)dy ≡ 0, m = 1,2, ...,

t 1−γ ũ2,m(t) =
∫ 1

0
t 1−γŨ2(t,y)ω2,m(y)dy ≡ 0, m = 1,2, ...

Hence, due to the completeness of systems of eigenfunctions
{

ω1,n(x)
}∞

n=1
,
{

ω2,m(x)
}∞

m=1
,

{

ω̃2,m(x)
}∞

m=1
in space L2[0,1], we conclude that t1−γ

[

U0(t,x)+U1(t,x)+U2(t,x)+Ũ2(t,x)
]

≡
0 for all x ∈ [0,1] and t ∈ [0,T ]. Consequently, if mixed problem (1)–(5) has a solution, then

this solution is unique in the domain [0,1].
Let us use the following well-known Banach space. Space L2[0,1] of square summable

functions on an interval [0,1] with a norm

∥

∥η(x)
∥

∥

L2[0,1]
=

√

∫ 1

0

∣

∣η(y)
∣

∣

2
dy < ∞.

Smoothness condition. Let in the segment [0,1] the function ϕ(x)∈C5[0,1] has the piece-

wise continuous derivative with respect to x up to the sixth order. Then, we integrate by parts

ϕ1,n =

∫ 1

0
ϕ(y)ω1,n(y)dy, ϕ2,m =

∫ 1

0
ϕ(y) ω̃2,m(y)dy, ϕ̃2,m =

∫ 1

0
ϕ(y)ω2,m(y)dy

six times on the variable x and obtain the results

|ϕ1,n | ≤
(

p+ q

2qπ

)4

∣

∣

∣
ϕ
(IV )
1,n

∣

∣

∣

n4
, |ϕ2,m | ≤

(

1

2qπ

)4

∣

∣

∣
ϕ
(IV )
2,m

∣

∣

∣

m4
+ 4

(

1

2qπ

)5

∣

∣

∣
ϕ̃
(IV )
2,m

∣

∣

∣

m5
, (62)

ϕ̃2,m ≤
(

1

2qπ

)6

∣

∣

∣ ϕ̃
(VI)
2,m

∣

∣

∣

m6
,

where

ϕ
(IV )
1,n =

∫ 1

0

∂ 4ϕ(y)

∂ y4
ω1,n(y)dy, ϕ

(IV )
2,m =

∫ 1

0

∂ 4 ϕ(y)

∂ y4
ω̃2,m(y)dy,

ϕ̃
(VI)
2,m =

∫ 1

0

∂ 6 ϕ(y)

∂ y6
ω2,m(y)dy.

We will use the following property of the Mittag–Leffler function [31, vol. 1, pp. 269–

295]: for all α ∈ (0,1), γ ∈R and argz = π there takes place the following estimate

∣

∣Eα ,γ(z)
∣

∣ ≤ M0

1+ |z| ,

where 0<M0 = const does not depend from z. In particularly, for all 0<α ≤ γ ≤ 1, 0< µi,n <

1, i = 1,2, we have the estimate

∣

∣Eα ,γ

(

− µi,nt α
) ∣

∣≤ M0.

Theorem. Let the condition A and smoothness condition be satisfied. Then for the regu-

lar values of the parameter ν the functions (36), (49), (51) and (61) converge absolutely and

uniformly in the domain Ω. Moreover, the solution of the mixed problem (1)–(4) belongs to the

class of functions (5).



Solvability of a Mixed Problem for an Integro-Differential Equation... 139

Proof. It is not difficult to see that the function (36) is bounded. Let us show the absolute

and uniform convergence of the Fourier series (49). The proof of convergence for other series

(51) is similar. Taking (44) and (62) into account and applying the Cauchy–Shwartz inequality,

for the regular values of the parameter ν from series (49) we derive

∣

∣ t 1−γU1(t,x)
∣

∣≤
∞∗
∑
n=1

|ϑ1,n(x) |
[

∣

∣ϕ1,nEα ,γ

(

− µ1,nt α
) ∣

∣+

+
|ν |
λ1,n

k

∑
r=1

|∆1,r,n(ν) |
|∆1,n(ν) |

t 1−γ+r

∣

∣

∣

∣

1

r!
−Eα ,r+1

(

− µ1,ntα
)

∣

∣

∣

∣

r!

]

≤

≤ M0

(

p+ q

2qπ

)4 ∞∗
∑
n=1

∣

∣

∣ϕ
(IV )
1,n

∣

∣

∣

n4
+C2M1

(

p+ q

2qπ

)2 ∞∗
∑
n=1

1

n2
|ϕ1,n | ≤

≤ M0

(

p+ q

2qπ

)4
√

∞∗
∑
n=1

1

n8

∥

∥

∥

∥

∂ 4 ϕ1(x)

∂ x4

∥

∥

∥

∥

L2[0,1]

+C2M1

(

p+ q

2qπ

)2
√

∞∗
∑
n=1

1

n4
‖ϕ1(x)‖L2[0,1]

< ∞,

where 0 <C2 = const,

M1 = |ν | max
0≤t≤T

max
n

k

∑
r=1

t 1−γ+r

|∆1,n(ν) |

∣

∣

∣

∣

1

r!
−Eα ,r+1

(

− µ1,ntα
)

∣

∣

∣

∣

r! < ∞.

Taking representations (58), estimates (53) and (62) into account, for the regular values of

the parameter ν from series (61) we obtain

∣

∣t 1−γU2(t,x)
∣

∣≤
∞

∑
m=1

|ϑ2,m(x) |
[

∣

∣ϕ2,mEα ,γ

(

− µ2,mt α
)∣

∣+

+

∫ t

0
t 1−γsr(t − s)α−1 Eα ,α

(

− µ2,m(t − s)α
)

|hm(s) |ds+

+
|ν |
λ2,m

k

∑
r=1

|∆2,m,r(ν) |
|∆2,m(ν) |

t 1−γ+r

∣

∣

∣

∣

1

r!
−Eα ,r+1

(

− µ2,mtα
)

∣

∣

∣

∣

r!

]

≤

≤ M0

∞

∑
m=1

|ϕ2,m |+M2

∞

∑
m=1

1

λ2,m

|ϕ2,m |+M0 max
t

|hm(t) |
∫ t

0
t 1−γ sr(t − s)α−1 ds ≤

≤ M0

∞

∑
m=1





∣

∣

∣ϕ
(IV )
2,m

∣

∣

∣

λ 2
2,m

+ 4

∣

∣

∣ ϕ̃
(VI)
2,m

∣

∣

∣

λ 2
2,m

√

λ2,m



+

+M2

√

∞

∑
m=1

1

λ 2
2,m

‖ϕ2(x)‖L2[0,1]
+C3

√

∞

∑
m=1

1

λ2,m

‖ ϕ̃2(x)‖L2[0,1]
≤

≤ M0

∞

∑
m=1

[√

∞

∑
m=1

1

λ 4
2,m

∥

∥

∥

∥

∂ 4

∂ x4
ϕ2(x)

∥

∥

∥

∥

L2[0,1]

+ 4

√

∞

∑
m=1

1

λ 5
2,m

∥

∥

∥

∥

∂ 6

∂ x6
ϕ̃2(x)

∥

∥

∥

∥

L2[0,1]

]

+

+M2

√

∞

∑
m=1

1

λ 2
2,m

‖ϕ2(x)‖L2[0,1]
+C3

√

∞

∑
m=1

1

λ2,m

‖ ϕ̃2(x)‖L2[0,1]
< ∞,
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where

C3 =C2M0 max
t

∫ t

0
t 1−γ sr(t − s)α−1 ds, λ2,m = (2qmπ)2

,

M2 = |ν | max
0≤t≤T

max
m

k

∑
r=1

t 1−γ+r

|∆2,m(ν) |

∣

∣

∣

∣

1

r!
−Eα ,r+1

(

− µ2,mtα
)

∣

∣

∣

∣

r! < ∞.

It is easy to see that

max
{

∣

∣ t 1−γ Dα ,γ Ui(t,x)
∣

∣ ,
∣

∣t 1−γ Dα ,γ Uixx(t,x)
∣

∣

}

< ∞, i = 1,2,

max
{

∣

∣t 1−γ Dα ,γ Ũ2(t,x)
∣

∣ ,
∣

∣ t 1−γ Dα ,γŨ2xx(t,x)
∣

∣

}

< ∞.

The theorem is proved.
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