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A Note on a Rothberger-Type Selection Principle and
Normalized Rapidly Varying Sequences

Danica Fati¢, Dragan Purcié

Abstract: In this paper, it is proven that the Rothberger selection hypothesis
S1(NRw s, NRw 5) is valid, where NR.., is the class of normalized rapidly varying se-
quences in the sense of De Haan.
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1 Introduction

The classical Karamata theory of regular variation (see [1]) has a functional and sequence
aspects. It is a very important theory in asymptotic analysis, and especially in the analysis
of divergent processes. The basic objects of this theory are slowly varying functions and
slowly varying sequences (see [5] and [6]). Let f : [a,+o) — (0,+0c0) be a measurable
function for which

fAx) _

li =
e fx)
holds for every A > 0. The function f is slowly varying (in the classical Karamata sense)
and we denote the set of all such functions by SVj,.

ey

Theorem 1. (Representation theorem) A function f € SV, if and only if for x > a, it holds
f(x) = c(x) -exp{[I h(u)L4}, where c(x), x > a, is a measurable function for which c(x) —
¢ € R holds for x — oo, and the h(u), u > a is a measurable function for which h(u) — 0,
for u — oo,

Remark 1. This theorem is the so-called Karamata theorem on the integral representation
of elements from the class SV (see [6]). A particularly important subclass of the class
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SV (e.g. in the theory of differential equations- see [1]) is the class of normalized slowly
varying functions. It is denoted by NSV . In NSV, are all functions of the class SV, for
which ¢(x) = ¢ € R, for x < a, in the previous theorem.

We say that a function f : [a,+o0) — (0,+e0) is a Zygmund function (see [1]) if for
a > 0, the function x* - f(x) increases for x > x}, > a, and the function x~*- f(x) decreases
for x > x}, > a. We denote the set of Zygmund functions by Z,. This class of functions is
an important object in Fourier analysis.

Theorem 2 (Bojani¢ and Karamata). Let f € Z, and let it be an absolutely continuous
function. Then f € NSVy. The opposite is also true.

Let us again consider a function f : [a, 4c0) — (0, 40) that is measurable and for which

fim 4%
S

= oo ()

holds for A > 1. Then we say that the function f is rapidly varying in the sense of De Haan
and we denote the set of all such functions by R o [2].

Classes R o and SV, are directly conjugate via the generalized inverse [3].

We say that a function f : [a,4o0) — (0,+00), a > 0, is a normalized rapidly varying
function (see [4]) if it is measurable and if for x > a, it holds that f(x) = c-exp{ [J h(u) %},
where ¢ € R and h(u), for u > a, is a measurable function for which h(u) — +oo, for u — oo.

Let (c,) be a sequence of positive numbers. Then it is rapidly varying (see [2]) if

fim <2 — 4o 3)
n—e  Cp
holds for every A > 0. We denote the class of such sequences by R.. s and it is an important
object in the theory of selection principles and the theory of infinite topological games (see

[2D.

2 The Main Results

We say that a sequence ¢ = (¢,) € Rw is a normalized rapidly varying sequence if, for
neN,c,=c-exp{¥;_, % , where ¢ € R and () is a sequence for which & — oo holds,
for k — +o0. We denote the set of such sequences by NR., ;.

Theorem 3. The class NR s is a proper subclass of class Re .

Proof. Let a sequence x = (x,) be an element of the class NR.;. Then there exists a
sequence () for which & — oo, for k — oo, and there exists a constant ¢ € R such
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that x, = c-expYi_, %, for every n € N. Let A > 0 and M > 0. Then

liminf 2! — liminf %ﬁ
iminf 221 = iminferp { 3. 3
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For M — o we have that lim;,_se. % = o0, and thus x = (x,) € R holds. OJ

> liminfexp
n—r—+oo

Consider the sequence x = (x,) given by x, = (2+sinn) -eV", for n € N. The sequence
x belongs to Re s \ NR. ;. The sequence x is not increasing for sufficiently large n, which
means that it does not belong to the class NR s.

In the theory of selection principles, one of the most important principles is S; Roth-
berger’s principle. Namely, let <7 and % be sets whose elements are subsets of an infinite
set 2. Then [2] S; (<7, %) represents the selection hypothesis:

(R) for every sequence (A, )qen of elements from o7 there is a sequence (b,),en such
that for every n € N, b, € A,, and the set {b, : n € N} is an element from 2.

In the paper [2] it was shown that hypothesis S (Rw s, R ) is correct and in the next
theorem we will upgrade the results.

Theorem 4. Selection hypothesis S1(NRw s, NRo s) holds.

Proof. Consider a set of normalized rapidly varying sequences (x,,,) for n € N. Then there
exist sequences (c,), where ¢, € R,n € N, (&) forn € Nand k € {1,2,...,m}, m € N such



98 D. Fatié, D. Durcié

that
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where, for each n € N, limy_, ;. &, = +o0 holds. For each n € N and k € {1,2,3,...,m}
from the sequence (0, ) we choose an element &, > &, +k, foreach k € {1,2,3,...,m} and

Xml = C1 'exp{
k
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n € N. Then we can notice the sequence (o), such that for each fixed n € N, log o, = {%}

holds for each k € N. That is, for the same k, oy = exp{%} and fixed n € N. Therefore,
for n € N, we observe the sequence y, = 0 - 0 - ... - &t,. Then the sequence (y,) € NRw s
and, for each n € N, the element y, is an element of the sequence x,,,, for m € N. Hence,
the selection principle S;(NRe s, NRo 5) holds.

]

3 Conclusions

The results obtained in Theorem 3 and Theorem 4 can be the basis for getting new results
in the theory of selection principles, Ramsey’s theory, and the theory of infinite topological
games for two players. It is interesting to prove for class NR., s the correctness of KoCinac’s
selection hypotheses @;(NRew s, NRw ) for i =2,3,4.

References

[1] N. H. BINGHAM, C. M. GOLDIE, J. L. TEUGELS, Regular Variation, Cambridge Univ.
Press, Cambridge, 1987.

[2] D. BURCIC, Li. D. R. KOCINAC, M. R. ZIZOVIC, Some properties of rapidly varying
sequences, Journal of Mathematical Analysis and Applications, Vol. 327, 2007, 1297-1306.

[3] D. BURCIC, A. TORGASEV, Strong asymptotic equivalence and inversion of functions in
the class K., Journal of Mathematical Analysis and Applications, Vol. 255, 2001, 383-390.

[4] N. ELEZ, D. DURCIC, Representation and characterization of rapidly varying functions,
Hacettepe Journal of Mathematics and Statistics, Vol. 44, 2015, 317-322.

[5] J. KARAMATA, Sur un mode de croissance réguliére des functions, Mathematica (Cluj), Vol.
4, 1930, 38-53.

[6] J. KARAMATA, Sur un mode de croissance réguliere. Théorémes fondamenteaux, Bulletin
de la Société Mathématique se France, Vol. 61, 1933, 55-62.



