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Abstract: In this paper, it is proven that the Rothberger selection hypothesis
S1(NR∞,s,NR∞,s) is valid, where NR∞,s is the class of normalized rapidly varying se-
quences in the sense of De Haan.
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1 Introduction

The classical Karamata theory of regular variation (see [1]) has a functional and sequence
aspects. It is a very important theory in asymptotic analysis, and especially in the analysis
of divergent processes. The basic objects of this theory are slowly varying functions and
slowly varying sequences (see [5] and [6]). Let f : [a,+∞) → (0,+∞) be a measurable
function for which

lim
x→+∞

f (λx)
f (x)

= 1, (1)

holds for every λ > 0. The function f is slowly varying (in the classical Karamata sense)
and we denote the set of all such functions by SVϕ .

Theorem 1. (Representation theorem) A function f ∈ SVϕ if and only if for x ≥ a, it holds
f (x) = c(x) ·exp{

∫ x
a h(u)du

u }, where c(x), x ≥ a, is a measurable function for which c(x)→
c ∈ R holds for x →+∞, and the h(u), u ≥ a is a measurable function for which h(u)→ 0,
for u →+∞.

Remark 1. This theorem is the so-called Karamata theorem on the integral representation
of elements from the class SVϕ (see [6]). A particularly important subclass of the class
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Danica Fatić (ORCID 0000-0001-7802-764X) is with the Faculty of Technical Sciences, Čačak, University
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SVϕ (e.g. in the theory of differential equations- see [1]) is the class of normalized slowly
varying functions. It is denoted by NSVϕ . In NSVϕ are all functions of the class SVϕ for
which c(x) = c ∈ R, for x ≤ a, in the previous theorem.

We say that a function f : [a,+∞) → (0,+∞) is a Zygmund function (see [1]) if for
α > 0, the function xα · f (x) increases for x ≥ x′α ≥ a, and the function x−α · f (x) decreases
for x ≥ x′α ≥ a. We denote the set of Zygmund functions by Zϕ . This class of functions is
an important object in Fourier analysis.

Theorem 2 (Bojanić and Karamata). Let f ∈ Zϕ and let it be an absolutely continuous
function. Then f ∈ NSVϕ . The opposite is also true.

Let us again consider a function f : [a,+∞)→ (0,+∞) that is measurable and for which

lim
x→+∞

f (λx)
f (x)

= +∞ (2)

holds for λ > 1. Then we say that the function f is rapidly varying in the sense of De Haan
and we denote the set of all such functions by R∞,ϕ [2].

Classes R∞,ϕ and SVϕ are directly conjugate via the generalized inverse [3].
We say that a function f : [a,+∞) → (0,+∞), a > 0, is a normalized rapidly varying

function (see [4]) if it is measurable and if for x ≥ a, it holds that f (x) = c ·exp{
∫ x

a h(u)du
u },

where c ∈R and h(u), for u ≥ a, is a measurable function for which h(u)→+∞, for u → ∞.
Let (cn) be a sequence of positive numbers. Then it is rapidly varying (see [2]) if

lim
n→∞

c[λn]

cn
=+∞ (3)

holds for every λ > 0. We denote the class of such sequences by R∞,s and it is an important
object in the theory of selection principles and the theory of infinite topological games (see
[2]).

2 The Main Results

We say that a sequence c = (cn) ∈ R∞,s is a normalized rapidly varying sequence if, for
n ∈N, cn = c ·exp{∑

n
k=1

δk
k }, where c ∈R and (δk) is a sequence for which δk →+∞ holds,

for k →+∞. We denote the set of such sequences by NR∞,s.

Theorem 3. The class NR∞,s is a proper subclass of class R∞,s.

Proof. Let a sequence x = (xn) be an element of the class NR∞,s. Then there exists a
sequence (δk) for which δk → +∞, for k → +∞, and there exists a constant c ∈ R+ such
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that xn = c · exp∑
n
k=1

δk
k , for every n ∈ N. Let λ > 0 and M > 0. Then

liminf
n→+∞

x[λn]

xn
= liminf

n→+∞
exp

{
[λn]

∑
k=n

δk

k

}

≥ liminf
n→+∞

exp

{
M ·

[λn]

∑
k=n

δk

k

}

≥ liminf
n→+∞

exp
{

M · 1
[λn]

([λn]−n+1)
}

≥ liminf
n→+∞

exp
{
(1− n

[λn]
+

1
[λn]

)
M
1

}
≥ liminf

n→+∞
exp

{
(1− n

λn
+

1
λn

) ·M
}

≥ liminf
n→+∞

exp
{

M · (1− 1
λ
+

1
λn

)

}
= exp

{
M · (1− 1

λ
)

}
.

For M → ∞ we have that limn→∞

x[λn]
xn

=+∞, and thus x = (xn) ∈ R∞,s holds.

Consider the sequence x = (xn) given by xn = (2+ sinn) ·e
√

n, for n ∈N. The sequence
x belongs to R∞,s \NR∞,s. The sequence x is not increasing for sufficiently large n, which
means that it does not belong to the class NR∞,s.

In the theory of selection principles, one of the most important principles is S1 Roth-
berger’s principle. Namely, let A and B be sets whose elements are subsets of an infinite
set X . Then [2] S1(A ,B) represents the selection hypothesis:

(R) for every sequence (An)n∈N of elements from A there is a sequence (bn)n∈N such
that for every n ∈ N, bn ∈ An and the set {bn : n ∈ N} is an element from B.

In the paper [2] it was shown that hypothesis S1(R∞,s,R∞,s) is correct and in the next
theorem we will upgrade the results.

Theorem 4. Selection hypothesis S1(NR∞,s,NR∞,s) holds.

Proof. Consider a set of normalized rapidly varying sequences (xmn) for n ∈N. Then there
exist sequences (cn), where cn ∈R, n ∈N, (δkn) for n ∈N and k ∈ {1,2, ...,m}, m ∈N such
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that

xm1 = c1 · exp

{
m

∑
k=1

δk1

k

}
,m ∈ N,

...

xmn = cn · exp

{
m

∑
k=1

δkn

k

}
,m ∈ N,

...

where, for each n ∈ N, limk→+∞ δkn = +∞ holds. For each n ∈ N and k ∈ {1,2,3, ...,m}
from the sequence (δkn) we choose an element δ ∗

kn ≥ δkn+k, for each k ∈ {1,2,3, ...,m} and
n ∈N. Then we can notice the sequence (αk), such that for each fixed n ∈N, logαk = { δ ∗

kn
k }

holds for each k ∈ N. That is, for the same k, αk = exp{ δ ∗
kn
k } and fixed n ∈ N. Therefore,

for n ∈ N, we observe the sequence yn = α1 ·α2 · ... ·αn. Then the sequence (yn) ∈ NR∞,s

and, for each n ∈ N, the element yn is an element of the sequence xmn, for m ∈ N. Hence,
the selection principle S1(NR∞,s,NR∞,s) holds.

3 Conclusions

The results obtained in Theorem 3 and Theorem 4 can be the basis for getting new results
in the theory of selection principles, Ramsey’s theory, and the theory of infinite topological
games for two players. It is interesting to prove for class NR∞,s the correctness of Kočinac’s
selection hypotheses αi(NR∞,s,NR∞,s) for i = 2,3,4.
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