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On e-Menger Spaces

Ljubisa D. R. Kocinac, Diana Doli¢anin Deki¢

Abstract: We study a version of the classical Menger covering property, called e-Menger
property, by using covers by so-called e-covers. Relations with other Menger-type proper-
ties and game-theoretic and Ramsey-theoretic characterizations of this property are given.
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1 Introduction

In this paper me use the usual topological terminology and notation as in the book [4]. X
and Y denote topological spaces, CI(A) and Int(A) are the closure and interior of a subset A
of a space X. If f: X — Y is a mapping, then < (B) denotes the preimage of a set BC Y.
By N and R we denote the set of natural numbers and the set of real numbers, respectively.

Recently, in [1], the notions of e-open set and e-space were introduced and their role in
the study of algebraic and topological properties of the rings of e-continuous functions are
demonstrated. For some other applications of these sets see the paper [2]. An open subset
U of a topological space X is called extremely open, shortly e-open, if the closure C1(U) of
U is open in X. Clearly, any clopen (= open and closed) set is e-open. The complement of
an e-open set is called e-closed. A space is said to be an e-space if it has a base consisting
of e-open sets.

Lemma 1. ([1]]) The union and intersection of finitely many e-open sets is e-open.
From Lemma|[I| we get

Lemma 2. If % = {U;,U,,---Uy,-} is a countable e-open cover of a space X, then ¥ =
{Vi,Va, -V, -+ }, where Vi, = ;< Ui for every k € N, is also an e-open cover of X.
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In this paper we use e-open sets in selection principles theory. Let o7 and 4 be col-
lections of sets. The Menger-type selection principle, denoted Sy, (<7, %), is the following
statement:

For every sequence (A,)nen of elements of <7 there is a sequence (B)nen of
finite sets such for every n, B, C A,, and U, cyBn € A.

When & = % = 0, the collection of all open covers of a topological space X, then we
have the classical Menger covering property of X [9,5]. For more information on selection
principles the reader can consult the papers [6} [10].

Note that S, is antimonotone in the first coordinate, and monotone in the second co-
ordinate. Denote by &, the collection of all e-open covers of a space X. Since &, C & we
have the following diagram:

Skin(O,0) — S4in(O,, 0)

|

Sfin(ﬁa ﬁe) I Sfin (ﬁea ﬁe)

The spaces satisfying S¢in (O, 0,) are called e-Menger, i.e.

Definition 1. A space X is e-Menger if for every sequence (%, ),en of e-open covers of X
there are finite sets %, C %, n € N, such that |J,,cy 7 covers X.

A space X is e-compact [1]] (e-Lindeldf) if every e-open cover of X has a finite (count-
able) subcover. Evidently, every e-compact space is e-Menger, every e-Menger space is
e-Lindelof, and every Menger space is e-Menger. It is also evident that every e-closed
subspace of an e-Menger space is also e-Menger.

Example 1. The space [0, ®,) of all countable ordinals is not e-Menger because it is not
e-Lindel6f: the clopen cover, hence e-open cover, {[0, &) : o € [2, ;) } contains no a count-
able subcover.

2 Basic properties of e-Menger spaces

In this section we discuss relations between Mengerness and e-Mengerness is some classes
of spaces and behavior of e-Mengerness under some kinds of mappings.

Theorem 1. An e-space X is e-Menger if and only if it is Menger.

Proof. Let X be an e-Menger space and let (%,),cn be a sequence of open covers of X.
As X is an e-space every %, can be replaced by a cover ¥;, consisting of e-open basic sets.
So, every ¥, is an e-open cover of X. Apply to the sequence (%,),cn the fact that X is e-
Menger and find for every 7 a finite subset %, of ¥, such that | J,cy #}, is an e-open cover of
X. For every n let 7, = {Uw € %, : Uy D W,W € #,}. Evidently, the sequence (%,),en
witnesses for (%, )ncn that X is a Menger space. O
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Recall that a space X is zero-dimensional (in the sense of small inductive dimension) if
it has a base consisting of clopen sets [4]. Every zero-dimensional space is an e-space; the
converse need not be true [1, Example 2.8].

Corollary 1. A zero-dimensional space X is e-Menger if and only if it is Menger.

Example 2. The Sorgenfrey line S and the space P of irrational numbers (with the Euk-
lidean topology inherited from the real line R) are not e-Menger because they are zero-
dimensional spaces which are not Menger as it is well known.

We discuss now the behaviour of the e-Menger property under some classes of map-
pings.

Following [1] call a mapping f : X — Y is e-continuous at x € X if for every open set
V C Y there is an e-open neighbourhoodn V of x such that f(U) C V. f is e-continuous if
it is e-continuous at every x € X.

Theorem 2. If f : X — Y is e-continuous mapping from an e-Menger space X onto a space
Y, then Y is e-Menger.

Proof. Let (¥,)en be a sequence of open covers of Y. For every x € X and every n € N
there is V, , € ¥}, containing f(x). Since f is e-continuous there is an e-open neighbourhood
Upx of x such that f(U,,) C V,r. Let %, = {Uyx:x € X}, n € N. Then (%,)nen is a
sequence of e-open covers of X. Since X is e-Menger, there is a sequence (J,),en such
that for every n, .77, is a finite subset of %, and X = ey U 74,. Set #, = {V,x: f(H) C
Vax),H € 7;,}. We get a sequence (#;,),¢cn of finite sets such that %, C ¥}, for every n € N.
Thus ¥ = U,enUwey, W, i.e. Y is e-Menger. O

Recall that a mapping f : X — Y is contra-continuous (3] if the preimage < (V) of an
open set V C Y is closed in X, and precontinuous [8] if f< (V) C Int(C1(f* (V))) whenever
VisopeninY.

Theorem 3. A contra-continuous and precontinuous image Y = f(X) of an e-Menger space
X is a Menger space.

Proof. Let (¥;)qen be a sequence of open covers of Y. Since f is contra-continuous for
every n € N and every V € ¥, the set f< (V) is closed in X. On the other hand, because f
is precontinuous, [ (V) C Int(CI(f<(V))), so that f< (V) C Int(f<(V)), i.e. fS(V)=
Int(f<(V)). Therefore, for every n, the set %, = {f* (V) :V € ¥,} is an e-cover of X,
being a clopen cover of X. As X is an e-Menger space there is a sequence (4,),en such
that for every n, ¢, is a finite subset of %, and X = ,,enU%,. Let #, = {f(G) : G € ¥4, }.
Then for every n, #,, is a finite subset of ¥, and ¥ = |J,cnyU#,. This means that Y is a
Menger space. O

A mapping f : X — Y is called weakly e-continuous if for every x € X and every open
neighbourhood V of f(x) there is an e-open neighbourhood U of x such that f(U) C CI(V).
f is weakly e-continuous if it is weakly e-continuous at every point in X.
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Recall that a space X is almost Menger if for every sequence (%,),cn of open covers
of X there is a sequence (%;)qen of finite sets such that for every n, ¥, C %, and X =

UneN UVe"//n C1<V) (7, 6].

Theorem 4. If f : X — Y is weakly e-continuous mapping from an e-Menger space X onto
a space Y, then Y is almost Menger.

Proof. Let (¥)nen be a sequence of open covers of Y. For every x € X and every n €
N there is V,x € ¥, containing f(x). Since f is weakly e-continuous there is an e-open
neighbourhood U,, . of x such that f(U, ) C C1(V, ). Put %, = {U,r : x € X}, n € N. Then
(%, )nen is a sequence of e-open covers of X. Since X is e-Menger, there is a sequence
(#)nen such that for every n, .77, is a finite subset of %, and X = {J,cyU 7. Set #), =
{Vax: f(H) CCl(V,),H € 7,}. We get a sequence (#;,),en of finite sets such that %, C
¥y forevery n € N. Thus ¥ = U,eny Uwey, CL(W), i.e. Y is almost Menger. O

A mapping f: X = Y is
* e-open if the set f(FE) is e-open in Y for every e-open set E C X;

* e-closed if for every y € Y and every e-open set O D < (y) in X there is an e-open
set E C Y containing y such that /< (E) C O;

* e-perfect if it is e-closed and for every y € Y the set /< (y) is e-compact in X.

Theorem 5. If f: X — Y is an e-open, e-perfect mapping from a space X onto a Menger
space Y, then X is e-Menger.

Proof. Let (%,)nen be a sequence of e-open covers of X. For every y € Y the set /< (y)
is e-compact so that for every n € N there is a finite set %;,, C %, covering f (y). Set
Viy = U%y. As, by Lemma [} V,,, is an e-open neighbourhood of f“ (y) and f is an
e-closed mapping, for every n € N and every y € Y there is an e-open set W,, , C Y such that
y € W,yand f<(W,y) CV,,. Forevery n € Nset #;, = {W,, :y €Y}. Thenevery #, is an
e-open, hence open, cover of Y. Since Y is Menger, there is a sequence (¥, ),en such that
¢, is a finite subset of #,, n € N, and Y = U,y U%,. For every n and every G € ¥, there
is a finite %, ¢ C %, with f(G) C U%c- If 76, ={U € %, : U € Un.G € 9,}, then
J, is a finite subset of %, for every n. Then the sequence (7%,),cn Witnesses for the given
sequence (%, )qen that X is e-Menger. O

3 Characterizations of e-Menger spaces

In this section we characterize the e-Menger property game-theoretically and Ramsey-
theoretically.

The symbol M¢(X) denotes the following e-Menger game on X: players | and |l play
a round for every n € N. In the nth round player | chooses an e-open cover %, of X, and
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then |l chooses a finite set %, C %,. |l wins a play %, %1; %, V3;- -+ if U,en ¥n covers X
otherwise | wins.

Note that a space X has the e-Menger property whenever | does not have a winning
strategy in the game Me(X).

Theorem 6. For an e-Lindeldf space X the following statements are equivalent:
(1) X is an e-Menger space;
(2) Idoes not have a winning strategy in the game M,(X) on X.

Proof. By the above observation we have to prove only (1) = (2). Let o be a strategy for
l.

Round 1: In the first round | chooses a countable cover 6(0) = %, € O,, say % =
{U, : n € N}. Applying Lemmal[2] | can consider the cover ¥j ={V, CV, C---CV, C---}
instead of %/ [In the next rounds | selects e-open covers %3, %3, - - - listed in the increasing
order with respect to inclusion.] Suppose that II’s response is V,, (which is actually the
choice of the initial part {U;,Us,-- ,Uy, } of 24).

Round 2: | chooses a countable e-open cover #5 = 6(V,,) = {Vy,, » : n € N}. Suppose
II’s response is V,,, 5, D V.

Round 3: | selects an e-open cover Y3 = 6 (Vi ,Viymy) = {Vaymn : n € N}, and 1I
chooses Vi, .3 D Vg ny-

And so on. In this way we get two sequences

%a%;%?"' 7%{7"' and Vn] CVn],nz C--- Cvn|,n2,~~-,nk Do

For every n,m € N define sets W, ,,, as follows:

(i) W, Jn = Vins

(i) If n > 2, W,y = ({Vs~m : s is a sequence of lenght n — 1} N\ Vj,—1 .

By Lemma [I| every set W, ,, is e-open so that for every n, #,, = {W,,, : m € N} is
an e-open cover of X listed in an increasing order. As X is e-Menger there is a mapping
¢ : N — N such that {W, o(») : n € N} covers X. Observe that W, o(») C Vinv1. It follows
that the set {Vy (1), Vo(1),02): Vo(1),0(2).03)> ,V(p(l)_’(p(z)V.‘.’V(P(n),’"} of moves of |l covers
X, i.e. o is not a winning strategy of . O

In the sequel we use the following notation for a space X:

* Q, denotes the collection of all e-open covers % of X such that every finite subset of
X is contained in a member of % and X ¢ % . Elements in Q, are called m-e-covers.

Let us note that any % € Q. satisfies:

For every k and every partition % = 24 U--- % there is an i < k belonging to
Q..

A space X is called w-e-Lindelof if every cover in . has a countable subcover.
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Proposition 1. For an e-Lindeldf space X the following statements are equivalent:
(1) X is an e-Menger space;
(2) X satisfies the selection principle Sgin(Qe, O,).

Proof. Because Q, C 0, we have S¢in(Q,, 0,) D Sin(0,, 0,), ie., (1) = (2).

(2) = (1) Let (% )nen be a sequence of e-open covers of X. Consider now the se-
quence (¥,)qen of e-open covers such that every 7, is the set of finite unions of elements
of %,. In fact, every ¥, is in Q. and is countable. By (2) there is a sequence (#})nen
such that for every n, #}, ia a finite subset of ¥, and ,ey # € O,. But, every W € %, is
a union of finitely many elements of %;,. Therefore, disassembling elements of every %,
one gets a sequence (7, ) e of finite subsets of the corresponding %, witnessing that X is
e-Menger. O

Recall the following concept in Ramsey theory, called the Baumgartner-Taylor partition
relation (see [6}10]). For every positive integer k,

o — [B;
denotes the following:

For every A in &/ and for every function f : [A]*> — {1,--- k} there are a set
Be # with BCA, aje{l,--- k}, and a partition B = |J,cy B, of B into
pairwise disjoint finite sets such that for every {p,q} € [B]?> for which p and ¢
are not from the same B, f({p,q}) = j holds.

Here [A]? denotes the set of all two-element subsets of A. The set B is called nearly homo-
geneous of color j.

Theorem 7. Let X be an e-Lindeldf space. Consider the following statements:
(1) The partition relation Q. — [0,]3 holds;
(2) X is an e-Menger space.

Then (1) = (2).

Proof. By Proposition |1] it is enough to prove that (1) implies the statement (2) in that
proposition.

Let (%)nen be a sequence of countable elements of Q., say %, = {Uy,, : m € N} for
every n. Let 7 be the collection of nonempty sets of the form U, , NU, 5. It is clear that
V' € Q.. Forevery V € ¥ choose a representation of the form V = U; , N U, . Then define
the function f : [#]> — {1,2} as follows:

1 if ny =njp,
FQULm OUn, .Uty (U, j}) = { 2 otherwise.
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By (1), take # C ¥ with # € O, and # is nearly homogeneous of color j. Assume
W = Uren & is a sequence of finite, pairwise disjoint sets such that for A and B from
distinct #4’s we have f({A,B}) = j. We have the following two possibilities.

Case 1. j=1.

There is an n such that for all A € # we have A C U, ,. This implies that %" does not
belong to O,. Thus, this case does not hold.

Case 2. j =2.

For every n > 1 define

F = {U,,J- : Uy, is the second coordinate in the representation of an W € v}

and set 7 = {J,cn #4,- Then 7 is the union of finite subsets of %, n € N.
It is easily checked that 7 € O,. If for some n, 7%, was not defined, we set .7¢, = 0.
So we get the sequence (J%,),en Witnessing for (%,)qen that Sgin (Qe, O, ) holds. O

4 Conclusions

In this note, by employing e-open sets, we established several properties of the e-Menger
covering property which is a generalization of the classical Menger covering property. Fur-
ther work may be done for Rothberger-type and Hurewicz-type covering properties which
involve e-open covers.
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