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On the Distribution of Quantile-Zone Test Statistic

Atif S. Avdovié

Abstract: Present paper offers more precise specific theoretical description of the distri-
bution of the quantile-zone test statistic. It is manifested by redefining some of its aspects,
elaborating on some of its propositions concerning the distribution of underlying quantile-
zone function, calculating its numerical characteristics and proving the independence on
parameters of testing sample variable. Empirical descriptions by distribution tables and
graphical ilustrations are also given. The paper gives an important connection on idea and
application development, as well as the applicability verification and new comparative
analyses in normality testing.
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1 Introduction

General idea of this research comes from several papers dealing with the normality of
distribution testing and analysis in general [4, 3]. Part of the research deals even with the
quality control [7, 8]. Since normality testing [1], multivariate normality testing [2] and its
applications [5] have been very important lately, it might be useful to know more on the
quantile-zone distribution which was intended for normality testing.

Though the quantile-zone test statistic (and its distribution) applied in normality testing
has yielded some noteworhty results [4], it and its motivating ideas [7] lack certain spec-
ifications, additions and redefining so that its application can be improved. This is also
important since more applicable test with similar idea has also yielded good results [3].

This paper aims to addres the gap that has occured by researche requirement for more
specific theoretical description of quantile-zone distribution and its empirical description
via Monte-Carlo simulations.

Following sections elaborate on preliminaries needed and results of the paper. There
are also concluding remarks.
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2 Preliminaries
Normal distribution variates are distributed by the 3¢ rule, hence the sample elements will
be approximately distributed by it. The 30 rule is interpretable as per Figure 1.
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Figure 1. The 30 rule.

Instead of values 1, 2 and 3 (as multiplicators of ©), in figure 1, values 1, 1.96 and 2.58
can be used with percent of 68.26, 95 and 99, respectively. This variant of 3¢ rule is also
called “the adjusted 30 rule” [3]. Since F,"(x) — F(x) (n — +o0), x € R [9] some analogy
might be used.

Assumption 2.1. Let F," be the empirical distribution function (EDF) of a given random
sample X1,X, ..., X,, n € N distributed as X ~ A (1,062),1,0 € R,6 > 0 with the cumu-
lative distribution function (CDF) F and Fy+s, i = 1,2,3 being the CDFs of variables with
distributions N (U +ic,0?) respectively.

The expression

Fluy2586(x) < Fut1.960 (%) < Fuyo(x) <F(x) < Fyo(x) < Fu—1.960(x) < Fy—2580(x) (1)

holds for any x € R. For n large enough, (1) will also hold when F is replaced with F,".
Using this fact, F,’ can be used for goodness of fit by the following function.

Definition 2.1. Quantile-zone function is function q.on. : R — {1,1.96,2.58,2.81} defined
with
Gzone(X)
L Furol®) <F}(x) < FR)VF(x) < F}(x) < Fu_o(x)
1.96, Fui1960(x) < Fy(x) < Fuio(x)VEFu_g(x) < F(x) < Fy_1.960(x)
2.58, Fuy2586(x) < F(x) < Fut1.960(%) V Fy_1.960(x) < F;(x) < Fy—2585(%)
2.81, F(x) < Fuya586(x) VE; (x) > Fy_2585(x)

forallx € R.
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This definition is graphically ilustrated in Figure 2. Thought any other value larger than
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Figure 2. The quantile-zone function ilustrated.

2.58 can be chosen instead of 2.81, this number is chosen due to

Pl <F(2.58)+1i211nx*>+00F(x)> =281,
IR

as well as

Definition 2.2. Quantile-zone distribution is the distribution of statistic

under the Assumption 2.1.

In [4] as quantile-zone test of normality test statistic V,, is used. Note that in the article
where this distribution has been introduced, full analogy with the 30 rule has been used.
Since the 36 rule does not apply for EDF in relation to CDF, the description of the dis-
tribution in that article is only for illustration purpose. The following section deals with
some more precise properties of the distributions of both g,one (X) and V, than given in [4].
Therefore, this article gives description of the distribution that can be considered precise in
terms of theoretical conclusions that can be extracted.

The distribution tables in [4] are generated in a way that for some probabilities quantiles
have been calculated using bisection method though given quantiles cannot occur empiri-
cally. Here the tables are generated so that quantiles are obtainable empirically.
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3 Results

Let ¥1,Y,,...,Y, be ascendingly sorted sample X1,X>,...,X,, and
Nmax = ZI(X = n}ax X)
i=1 J=

Proposition 3.1. Ler the Assumption 2.1 hold. The distribution of statistic qzone(Y:), i =

1,...,nmax — 1 is given with
1 1.96 2.58 2.81
CIzone(Yi) :
pi(n)  pros(n) pass(n) pagi(n)

where pi(n) < pi.9e¢(n) < pass(n) < pagi(n), lim,— e pi(n) =1 and lim,— 4. p;j(n) =0,
J =1.96,2.58,2.81. The distribution of statistic qzone(Y;),i = 1,...,;0max — 1 is given with

P(onne( z) 2. 81) 1.

Proof. Fori € {1,...,nmax }, the proposition holds based on the Glivenko-Cantelly theorem
[9]. Namely, since Fj4o(x) < F(x) < Fy_g(x) and F; (x) 4 F(x) (n — +e0) hold for all
x € R, after certain n € N is reached, F; 5 (x) < F;(x) < Fy_s(x) will hold as well. Hence,
Gzone(Y;) = 1 will also hold. However, for small n € N, gzone(¥;) € {1.96,2.58,2.81} is
possible as well.
If i € {nmax+1,...,n}, then, since ¥; =¥, = max;—;__,Xj,

. 1

F)=

n

! n
1<y ="=1
j=1 "
holds. Hence,
F;(K) > F[J73G(Yi) = QZone( 1) 281 = P(QZone( l) 2. 81)

O]

Remark 3.1. Simulations yield that for n as small as n =5, excluding the maximum value,
Gzone(Yi) € {1.96,2.58,2.81} occurs in less than 3% of cases.

Proposition 3.2. Let the Assumption 2.1 hold. Let E (@ one(X)) = Ey and E ((qzone(X))?) =
E>. Then

~1
(B2 +E}+5.62-E1) ()

1 _
E(V,) = - ((n—nmax)E1 +2.81 -nmax)  and D(V,) =

Proof. Using the definition of V),

_n> =F (:l ichone(xi)> =F <:l i‘hone(ﬂ))

( iaxE CIzone + Z E(CIZone(Yi))> G

I=n—nmax+1

_1
n
1
= ((n— nmax)E1 +2.81 - nypax )
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and

(Xn:(qzone(xj))z +2 ; QZone(Xi) *dzone (X])> )
i=1 i#J
1 N—Hmax n

) E(QZone(Yi))2+ Z E'(qzone(yi))2

i=1 I=n—nmax+1

=1 j=1

J#i

N—Nmax n
+2 Z E(gzone (Y:) - Gzone (i) @

i=1 j=n—nmax+1

N—Nmax N—Nmax
+2< Z Z E(onne<Yi) 'QZone(Yi))

n n

+ Z Z E(qzone(yi) ‘onne(Yi))> )

i=n—nmax+1 j=n—nmax+1
i#

1

_n2

+2 ( (” _;max> E? 4 2ima (11— i) - 281y + ("f;“) 2.812> )

= ((l’l - nmax)EZ + (l’l - nmax)(” — Pmax — 1)E12
+ 11.24n a5 (N — Nimax ) E1 +7.9005,4, )

max

((n — Nmax ) E2 + Nimax - 2.812

are obtained. Putting the results in variance formula,

D(V,) = E(V;}) — (E(Va)

n

2 (n—nmax) (B2 + Ef +5.62nma,E1)
- 2
n

is obtained, which completes the proof. 0

Since the normal distribution is continuous, in a sample of a normally distributed vari-
able, each modality generally appears no more than once, but in certain intervals there are
more modalities than in others. Therefore, it can be assumed that the maximum appears no
more than once, i.e. nmax = 1. In that case, the following holds:

—1)E; +2.81 —1)(E>+E*+5.62-FE
(n—1)E;+2.8 and D(V):(n )(Ez + 21+56 1)
n n

E(V)=

Proposition 3.3. Let the Assumption 2.1 hold. The distribution of statistic V,, does not
depend on parameters of variable X distribution when those parameters are known.
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Proof. Based on Proposition 3.1, the distribution of variable g,one(X;),i = 1,...,n, and
therefore the distribution of statistic V,,, does not depend on choice of parameters of variable
X, except possibly in terms of sample size n for which the distributions will coincide for
different parameters. However, since convergence p;(n) — 1 (n — 4o0) is a consequence
of the convergence of the statistic D,, to the Kolmogorov’s distribution, which does not
depend on the choice of the parameters of variable X, this convergence, and consequently
pj(n) = 0(n— +oo), j=1.96,2.58,2.81 (since their sum equals 1), are not determined by
the choice of the parameters of variable X. O

The EDF, i.e., its value for sample elements as arguments, depends on sample size and
frequency of each sample element less than or equal to the referent one. This means that
the sample F," (X)), F,; (X2),...,F,; (X,), n € N has mutually dependent random variables as
elements. Hence, the same goes for the sample gone (X1),Gzone(X2), - - -, Gzone (Xn); 7 € N. In
that case, the central limit theorem does not apply to statistic V,, [3], and its distribution is
determinable only via simulations.

In the following table, we offer the distribution table of statistic V,, i.e., values g ob-
tained from

P(V,<q|X:N(u,0%)=p.

Here, n is the sample size. It is impossible to simulate critical values for every sample
size. For sample sizes, or values p and ¢, that are not available in the table, a convenient
approximation should be used, for example, the bisection method. We used 100,000 Monte
Carlo simulations for each sample size in Table 1.

Table 1. Fy (q) = P(V, < g) = p - Known parameter values.

14
n 0.01 005 01 09 095 0.99

10 | 1.18 1.18 1.18 1.28 1.37 147
20 | 1.09 1.09 1.09 1.14 1.14 1.19
50 [ 1.04 1.04 1.04 1.04 1.06 1.06
100 | 1.02 1.02 1.02 1.02 1.02 1.03
200 | 1.01 1.01 1.01 1.01 1.01 1.01

Graphical display of the distribution is given in Figure 3.

Theorem 3.1. Let the Assumption 2.1 hold. The distribution of statistic V,, does not change
with the change of parameters of the distribution of variable X when the parameters |l and
O of the distribution of variable X are unknown and are estimated with X,, = % " Xi and

§2= Ly (X, —X,)% respectively.

Proof. Let the distribution of variable X be normal .4 (u,6?), where parameters u and
o? are unknown, and let Xi,...,X, be a random sample of variable X. Then F(x) ~
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p
=P(V,,§q)

A(n,F(x)),x € R[6]. Let i =X, and 62 = S be the estimators, and

= [Fpy6(x), Fp-s(x)],
= [Fat1.966(x), Fat
= [Fa12.586 (%), Fat1.966 (%) U (Fa—1.966 (%), Fa—2.585 (%)),
= [0, Fay2.586(x)] U (Fa—2.585 (%), 1],

60U (Fa-6(x), Fa—1.966(x)],

= p - Known parameter values.

105

where Fj 46, h € {1,1.96,2.58,2.81} are the CDFs of variables with normal distributions
with parameters [l + 46 and 6. Then for

the sample Gone; 5 (Xj),Jj = 1,...
ay = 1,a2 = 1.96,a3 =

1, xel (x)
1.96, xebh(x)
(X)) = , eR
Gaoney o (1) 2.58, xehi(x)
2.81, x€li(x)
,n is obtained. Further on, let Z; = Xk

2.58,a4 = 2.81 and

Ii(z) = [Fi(2),F-1(2)],

5(2) = [F.96(2), Fi (2)] U (F-1(2), F-1.96(2)]
I(2) = [Fas8(2), F1.96(2)] U (F-196(2), F-2.58(2)]
I4(z) = [0, Fa.58(2)] U (F-258(2), 1]
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Then,
1 Xj  _(—pzhe)? t=6z+[01 t— —oo t=X;
Fa ~(X:) = / e 262 d[: -l /
,uihc( j) \/ﬁé e dt =6d; 77— — z= X./&u — Zj

_(Z¥h)2 .
2 dZ:F¢h(ZJ'), j=1,...,n.

1 /Zj
= — e

V2T J oo

Hence, It(X;) = ,(Z;), k=1,2,3,4. Finally, for j=1,...,nand k =1,2,3,4
P (qrone p.6(Xj) = ax) = P(F, (X)) € I(X)) = P (F, (X;) € [,(Z;)) -

Now let the distribution of variable X be normal N(uy, 622), where parameters U, and
o7 are unknown but different from y; and o7 ((11,07) # (12, 03)). Analogously, F; (x) ~
PB(n,F(x)), and

satisfies
P (QZone ﬂ,é(Xj) = ak) =P (Fn*(Xj) € Illc(Yj)) .

Since Z; and Y; have the same distributions relative to the corresponding X [6] (both are
determined with the distribution of X, {I and &, where fI and 6 are consistent parame-
ters estimators), it follows that the distribution of statistic g one p,6(X;), and therefore the
distribution of statistic V,,, is same in both cases. O]

Theoretically, when parameters ( and o2 are estimated with X, = % "1 X; and Sﬁ =
ﬁﬂ’: L (Xi — X,,)?, respectively, the distribution of statistic V;,, as well as its basic prop-
erties, remains the same if its distribution does not depend on parameter values. How-
ever, empirically, that never happens. Namely, even though the sample is from variable
X ~N(u,6%), X, = u+e and §2 = 6% + & will hold almost certainly. Errors & and &
are then accumulated when calculating the values q,one(X;), i = 1,...,n, i.e., the empirical
value of V,,. Hence, the distribution of V,, is slightly changed. Monte Carlo simulations
yield the results in Table 2.

Table 2. Fy (q) = P(V, < q) = p - Estimated parameter values.

14
n 0.01 005 01 09 095 0.99

10 | 1.18 1.18 1.18 1.18 1.18 1.28
20 {1.09 1.09 1.09 1.09 1.14 1.19
50 [ 1.04 1.04 1.04 1.04 1.06 1.06
100 | 1.02 1.02 1.02 1.02 1.02 1.03
200 | 1.01 1.01 1.01 1.01 1.01 1.01

Graphical display of the distribution is given in Figure 4.
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Figure 4. Fy, (q) = P(V, < q) = p - Estimated parameter values.

The values are smaller when the quantile-zone function is defined with estimated pa-
rameters because, for empirically obtained samples, most often the sample mean X,, and
variance S? are better indicators of the expected value and the dispersion of obtained sam-
ple elements than values y and o that are used for sample modeling. The difference in
distribution is smaller for larger sample sizes. For n > 500 the distributions are identical
due to estimators being consistent.

4 Conclusions

This paper has immensely helped in understainding quantile-zone test statistic in terms
of proper theoretical description. Now it will be much easier to approach improving the
definiton of this statistic. That can be done by neglecting the 36 rule analogy in seting the
multiplicators & of ¢ in Fy4,s so that statistic can perform better in normality testing or
goodness of fit testing in general. Also, much more information can be known in terms of
attempting to calculate asymptotic power and efficiency.

The future research consists of a modification of the test statistic to avoid a degenerate
limiting distribution. In this case, the zone boundaries would probably need to depend on
the sample size.
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