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Some properties of meromorphic solutions of higher order linear
difference equations

B. Belaidi, Y. Benkarouba

Abstract: In this paper, we investigate the growth of solutions of the linear difference equations
Ar(2) f(z+en) +Ak-1(D) f(z+ k1) + - +A1(2) f(z+c1) +A0(2) f(2) = 0,

A@)f (24 ) + A1 (D) f (2t crr) + -+ A1) f (24 ¢1) +A0(2) f(2) = F(2),
where Ag(2),- - ,A0(z), F(z)(# 0) are entire functions and ¢y, - - - , ¢ are distinct non-zero com-
plex numbers. We extend some precedent results due to Liu and Mao [15].

Keywords: Complex linear difference equation, meromorphic solution, iterated p—order, it-
erated p—type.

1 Introduction and main results

In this paper, we use the standard notations of Nevanlinna’s value distribution theory (see
[7], [11], [17]). Recently, study of properties of meromorphic solutions of complex differ-
ence equations have become a subject of great interest from the viewpoint of Nevanlinna
theory, due to the apparent role of the existence of such solutions of finite order for the in-
tegrability of discrete difference equations (see, e.g., [1,4,5,13,14,15,16,18,19]). The key
result here is the difference analogue of the lemma on the logarithmic derivative obtained
by Halburd-Korhonen [9, 10] and Chiang-Feng [6], independently.

In the rest of the paper, the linear measure of a set E C (0, +<0) is defined as

+oo

m(E) = A Xe(t)dt,
and the logarithmic measure of a set F C (1,4-o0) is defined by

e xr (1)

Im(F) = : ;

dt,
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where g (1) is the characteristic function of a set H. Moreover, the upper and the lower
densities of a set E C (0, o) are defined respectively by

- E
densE = lim supm,
r—+oo r
ENJ0
densE = liminfw,
r—r—+oo r

and the upper and the lower logarithmic densities of a set F' C (1,+-c0) are defined respec-
tively by

[ Im(FN[1
logdensF = limsupu
F—too logr
Im(FNl
logdensF — liming "0 ]).
oo logr

Proposition 1.1 [2] For all H C [1,+o0) the following statements hold :
(i) If Im(H) = oo, then m (H ) = oo

(ii) If densH > 0, then m (H) = oo,

(iii) If logdensH > 0, then Im(H) = oo.

In the following, we recall some fundamental definitions which are used later.

For all r € R, we define exp; 7 := ¢” and exp,,, r := exp (exp,r) , p € N. We also define
for all r sufficiently large log, r := logr and log,, ;  := log (log, r) , p € N. Moreover, we
denote by exp,r:=r, logyr:=r, log_, r:=exp, r and exp_, r := log, r, see [12].

Definition 1.1 [12] Let p > 1 be an integer. Then, the iterated p-order p,(f) of a meromor-
phic function f is defined by

pp(f) = lim Supw

rote  logr 7

where T(r, f) is the characteristic function of Nevanlinna (see, [7,11,16]). For p = 1, this
notation is called order and hyper-order when p = 2. The iterated p-order p,(f) of an entire
function f is defined by

log T(r, lo M(r,
pp(f) = limsupigp (r.f) = limsup—ngrl (r.f)
F—s—o0 logr F—too logr

where M(r, f) = max|;|=r f(2)]-
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Definition 1.2 [3] Let f be a meromorphic function of iterated p-order (0 < p,(f) < o),
the iterated p—type 7,(f) of f is defined by

log, _,T(r,
T(f) = lirfgilopW (p > 1 an integer) .

In recent paper [6], Chiang and Feng investigated meromorphic solutions of the linear
difference equation

Ar@)f@+k) + A1 (@) fla+k—1) 4+ + A1) f(z+1) +A0(2) f(2) =0, (L.1)
where A (z),- - ;Ap(z) are entire functions and proved the following result.

Theorem A [6] Let Ay(z), - -+ ,Ax(z) be polynomials. If there exists an integer [ (0 <1 < k)
such that

deg(4;) > deg(A ;
eg(A;) oé‘%ﬁﬁﬂ{ eg(A))}

holds, then every meromorphic solution f (% 0) of equation (1.1) satisfies p(f) > 1, where
deg(A;) denotes the degree of the polynomial A.

Theorem B [6] Let Ay(z), - -+ ,Ax(z) be entire functions. If there exists an integer [ (0 <[ <
k) such that

p(A) > o max 7H{p(Aj)},

holds, then every meromorphic solution f (#0) of equation (1.1) satisfies p(f) > p(A;)+ 1.

Note that in Theorems A and B, equation (1.1) has only one dominating coefficient A;.
For the case when there is no dominating coefficient and all coefficients are polynomials in
equation (1.1), Chen [4] obtained an improvement of Theorem A.

Theorem C [4] Let Ay(z),- - ,Ax(z) be polynomials such that

deg(Ao+---+Ax) = Orgja_li(k{deg(Aj)} > 1.

Then every finite order meromorphic solution f(# 0) of equation (1.1) satisfies p(f) > 1.

For the case when there is more than one of coefficients which have the maximal order,
Laine and Yang [13] obtained the following result.
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Theorem D [13] Ler Ag(2),- - ,Ax(z) be entire functions of finite order such that among
those having the maximal order

p = max {p(4,)},

0<j<k
exactly one has its type strictly greater than the others. Then for every meromorphic solu-
tion f (£ 0) of equation
Ar(@) fztcn) +Ax-1(2) fz+ k1) +--+A1(2) f(z+ 1) +A0(2) f(z) =0,  (1.2)

where cy,- -+ ,c1 are non-zero distinct complex numbers, we have

p(f)>p+1.

In the present paper, we continue to study the growth of solutions of some linear differ-
ence equations, we improve and extend Theorem A, Theorem B, Theorem C and Theorem
D by using the concept of the iterated p—order for equation (1.2). We obtain the following
results.

Theorem 1.1 Let H be a complex set satisfying logdens{r = |z| : z € H} > 0, and let
Ao(2),- -+ ,Ar(2) be entire functions of iterated p—order satisfying maxo<j<x{pp(A;)} < p.
If there exists an integer 1(0 <1 < k) such that for some constants 0 < B < a and 0
(0 < 0 < p) sufficiently small, we have

AI(z)| > exp,{orP 0}, (1.3)

Aj(2)| < exp {BrP~®}, j=0,k j#1, (1.4)

as z — o for 7 € H, then every meromorphic solution f (£ 0) of equation (1.2) satisfies

{ p(f)zp(A)+1,  forp=1,
Pp(f) = Pp(A), for p > 2.

Remark 1.1 The Theorem 1.1 was obtained by Liu and Mao [15] when p = 1 and for
equation (1.1) with H is a complex set satisfying dens{r = |z| :z€ H} > 0.

Theorem 1.2 Let H be a complex set satisfying logdens{r=z|:z€ H} > 0, and let
Ao(2),- -+ ,Ak(z) be entire functions satisfying maxo<j<x{pp(A;)} < p. If there exists an
integer 1 (0 <1 < k) such that for some constants 0 < B < ot and 6 (0 < 6 < p) sufficiently
small, we have

(A1) > exp, {ar’ %}, (1.5)

T(rA;) <exp,_({BrP~%}, (j=0, .k j#I), (1.6)
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as 7 — oo for z € H. Then the following statements hold:
(i) If p=1and 0 < kP < «, then every meromorphic solution f % 0 of equation (1.2)

satisfies p(f) > p(A;) + 1.
(ii) If p > 2 and 0 < B < «, then every meromorphic solution f # 0 of equation (1.2) satisfies

pp(f) > pp(Al)-

In the following theorem, we will add a condition on the type. When there exists more
than one coefficient having the order oo in equation (1.2), we obtain the following result.
Note that in this case Theorem D is invalid for p = 1.

Theorem 1.3 Ler Ay(z),- - ,Ax(z) be entire functions, and let p > 1 be an integer. If there
exists an integer | (0 <[ < k) such that

max{pp+1(A;): j=0,-+ k, j# 1} < ppr1(Ar), (0<pps1(Ar) <oo),

max {Tp41(A;) : Ppi1(A)) = Ppi1(A1) } < Tpi1 (A1), (0 < Tpi1(Ar) <o),
then every meromorphic solution f (£ 0) of equation (1.2) satisfies

pp(f)=co and pypi1(f) = ppr1(Ar).

Next we consider the properties of meromorphic solutions of the non-homogeneous
linear difference equation corresponding to (1.2)

Ak(Z)f(Z-l- Ck) 4+ 4+ A (Z)f(Z + Cl) +A0(Z)f(Z) = F(Z), (L.7)

where where Ag(z), -+ ,Ao(z), F(z)(£ 0) are entire functions and cg, - - - , ¢ are distinct non-
zero complex numbers.

Theorem 1.4 Let Aj(z) (j =0, - - - , k) satisfy the hypothesis of Theorem 1.3, and let F (z) be
an entire function. Then

@) If pp+1(F) < pp+1(A1) or pp1(F) = pp1(A1), Tp41(F) < Tp+1(As), then every mero-
morphic solution f (% 0) of equation (1.7) satisfies

pp(f)=c0 and ppii(f) = pp+1(Ar).

(ii) If pp+1(F) > pp+1(A;), then every meromorphic solution f(# 0) of equation (1.7)
satisfies

Pp(f) =co and pyi1(f) = ppi1(F).

Remark 1.2 The Theorems 1.3 and 1.4 were obtained by Liu and Mao [15] when p =1 and
for equation (1.1). For some related results when A;(z) (j =0,--- k), F(z) are meromor-
phic functions, see [19].
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2 Preliminary Lemmas

Our proofs depend mainly upon the following lemmas.

Lemma 2.1 [6] Let f be a meromorphic function, N a non-zero complex number, and
let y > 1, and € > 0 be given real constants. Then there exists a subset Ey C (1,+o0) of
finite logarithmic measure, and a constant A depending only on y and m, such that for all
lz| =r¢ E;U[0,1], we have

‘mg‘ﬂ;(;mH <A (T(W’f) L) 1og7rlog+n(yr)> ,

e
r r

where n(t) = n(t,e, f) +n(t,°0, 1/ f).

Lemma 2.2 [8] Let f be a transcendental meromorphic function, let j be non-negative
integer; let x be a value in the extended complex plane, and let L > 1 be a real constant.
Then there exists a constant R > 0 such that for all r > R, we have

i 2j+6
n(ra V) < g T (D). @.1)
Lemma 2.3 Let f be a meromorphic function, N a non-zero complex number, and € > 0 be
given real constants. Then there exists a subset E; C (1,+00) of finite logarithmic measure,
such that if f has finite iterated p—order p,(f) = p, then for all |z| =r & [0,1] UE,, we
have

(i) If p=1, then

exp{—”prE} < ’f(;?;)n)‘ < CXP{’”’)AH}- 2.2)
(i) If p > 2, then
exp,{—rPf} < ’W‘ <exp,{r"}. (2.3)

Proof. We prove only (ii). For the proof of (i) see [6]. Let p > 2. By Lemma 2.1, there
exist a subset £, C (1,+o00) of finite logarithmic measure, and a constant A depending only
on Y and 1, such that for all |z| = r & E; U0, 1], we have

o (522

< 10g7r10g+n(}/r)> , (2.4)
r r
where n(t) = n(t,e, f) +n(t,o0,1/f). By using (2.1) and (2.4), we obtain

(122

r
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12 T(uyrf), 4 . 12
+10gu log’ rlog loguT(“yr’f)

log’l r

r

<B (T (Ar,f) 10gT(Mf)) ; (2.5)

where B > 0 is some constant and A = 1y > 1. Since f has finite iterated p—order p,(f) =
p, so given €, 0 < € < 2, we have for sufficiently large r

T(r,f) <exp, {r’"1}. (2.6)
Then by using (2.5) and (2.6), we obtain

log’l r

‘log‘f(;(—;)n)H SB(T(/Ir,f) logT(Mf)>

.
p+E log’lr p+E
< Bexp,_{(Ar)’"2}—=—logexp, {(Ar)""2}

A
= Bexppfl{(W’*f}k’g%exppfzwr)"*f} < exp, {77} @.7)

From (2.7) we easily obtain (2.3).

Lemma 2.4 Let 1y, N2 be two arbitrary complex numbers such that My # Ny, and let f
be a meromorphic function of finite iterated p—order p,(f) = p. Let € > 0 be given,
then there exists a subset E3 C (0,4o0) with finite logarithmic measure such that for all
|z| = r ¢ E3U[0,+o0], we have

(i) If p=1, then

exp{—rP 1€} < m <exp{rP 1T}

(i) If p > 2, then
fz+m)
flz+m)
Proof. We prove only (ii) . For the proof of (i) see [6]. We can write

_ 'f(z+n2+n1—n2)
flz+m)

Then by using Lemma 2.3, we obtain for any given € > 0 and all |z+ 12| =R € [0,1]UE,,
such that Im(E;) < oo

exp,{—rP"¢} < eXP{— (I2]+ |n2|)”+f} <exp,{—R°"2}

expp{—rp+£} < < expp{rp+£}.

';EZ“LTH; ;o (M #m).

Z+ M
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f z+M)
fz+m)

‘f(2+nz+m—nz)
flz+m)

< epr{Rp+§} < epr{(‘Z’ + |n2’)p+§} < epr{rp+£}7

where |z| =r ¢ [0, 1] UEj3 and Ej is a set of finite logarithmic measure.

Lemma 2.5 9] Let f be a non-constant meromorphic function, c € C, § < 1 and € > 0.
Then
<.ﬂz+d> <T0+kmfﬂﬂ>
m| r =0 ,
f2) ro

for all r outside of a possible exceptional set E4 with finite logarithmic measure |, Es % < oo,

Remark 2.1 [7] Let f be a meromorphic function, ¢ be a non-zero complex constant. Then
we have that for r — oo

(1+o(I)T(r—lc|,f(2)) ST (r f(z+c)) < (1+0(1)T(r+]c|, f(2))-
Consecontly for p e N, ={1,2,---}, p,(f(z+h)) = pp(f).
Lemma 2.5 and Remark 2.1 lead to the following lemma.

Lemma 2.6 [9] Let f be a non-constant meromorphic function, ¢, h € C, ¢ # h, § < 1,
€>0.Then

m( f(Z+C)> _, <<T<r+|c—h|+|hr,f>>“8>
" fz+h) ro 7

holds for all r outside of a possible exceptional set Es with finite logarithmic measure
fEi TS e

Lemma 2.7 [3] Let f be a meromorphic function with iterated p—order 0 < p,(f) < oo
and iterated p—type 0 < T,(f) < co. Then for any given B < T,(f), there exists a subset
Eg C [1,+00) of infinite logarithmic measure such that

log, 1 T(r.f) > prorV)
holds for all r € Eg.

Lemma 2.8 [6] Let i, R,R' be real numbers such that 0 < u < 1,R > 0, and let n be a
non-zero complex number. Then there is a positive constant C, depending only on | such
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that for a given meromorphic function f we have, when |z| = r, max{1,r+|n|} <R <R/,
the estimate

n (T o ) = e (e (1))

o e i) (v v () )

Lemma 2.9 Let 1y, 1Ny be two complex numbers such that 1y # Ny and let f be a finite
iterated p—order meromorphic function. Let p,(f) = p be the iterated p—order of f. Then
for each € > 0, we have

(i) If p=1, then

flz+m) —O(P e
n(+fiem) 0

(ii) If p > 2, then

f(Z+nl) _ ex Pe
(- erm) =0 ER ")

Proof. We prove only (ii) . For the proof of (i) see [6]. Let p > 2. We have
. (@tm)y) rf(z+m) G
(o) < L)+ )
fetm)Y, (o FQ)
G cp R =)

Since f has finite iterated p—order p,(f) = p < +oo, so given €, 0 < € < 2, we have

T(r,f) <exp, {r’*?} (2.9)

for all r. By using Lemma 2.8, we obtain from equation (2.8)

m (< erm) < G e (& 0+ (5.5))
e (e i) (Ve e (v 5)

e (10 (7))
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i (e ) (v ex (#.5))

(e wr ) (e (2 7))

(il Gl
@R R ()
72 Cy Ima " >< ) < ) 1)>
n + NR,A+N(R.=)). 2.10
Rl P ) (VISR 10

€
By choosing u = 1— X R =2r, R =3rand r > max{|m],|n2|,1/2} in (2.10), we get

(gtcim) = (i ) (o040 (24))

1-£ 1-5
+6< ml_, 2Culml"Eml | 2Culm )(NO#HN(%;))

r—|mi| Er 2 r—|m| er'=2
4lm|r 4\malr
<4
- [(r—lml)2 (r—|ml)?

26, (Im|" 2+ m)' 2
M| n M2 n ( )

r=Im| " r—|ml erl”:

+6

T (3r,f).

From this, by using the estimate (2.9), we have

() WP T,

r7
flztm) (r—ImiD? " = [ma])?
1-£ 1-£
it 72| 2C, (|Tllf + 2| ) e
+6 3 € _ 3 2
I"—‘Th| I"—‘Th’ erl=2 XPp 1{( r) }

S Mexppfl{rlH»e}?

where K > 0, M > 0 are some constants. This completes the proof.
Lemma 2.10 Under the assumptions of Theorem 1.1 or Theorem 1.2, we have p,(4;) = p.

Proof. By Theorem 1.1, we have p,(4;) < p. Suppose that p,,(A;) = u < p. Then, for any
given € > 0 and sufficiently large r, we have

|A; (z)] <exp,{r**¢}. (2.11)
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On the other hand, by the hypotheses of Theorems 1.1, there exist positive constants 0 <
B <o and § (0 < 6 < p) sufficiently small, such that
A1 (2)] = exp, {ar”} (2.12)
as 7 — oo for z € H. From (2.11) and (2.12), we obtain for z € H, |z] = r — +oo
exp,{ar~°} <4 (2)] < exp, {1}

and by € is arbitrary with 0 < € < p — u — 28, this is a contradiction as r — 0. Hence,
Pp(Ar) = p.

By Theorem 1.2, we have p,(A;) < p. Suppose that p,(A;) = i < p. Then, for any given
€ > 0 and sufficiently large r, we have

T(r,A;) <exp, {r"*}. (2.13)

On the other hand, by the hypotheses of Theorems 1.2, there exist positive constants 0 <
B <o and § (0 < 6 < p) sufficiently small, such that

T(r,A;) > exp,_{orP =%} (2.14)
as z — oo for z € H. From (2.13) and (2.14), we obtain for z € H, |z| = r — +oo
exp, 1 {ar’°} <T(rA) <exp,_  {r'*}

and by € is arbitrary with 0 < € < p — u — 29, this is a contradiction as r — +oo. Hence,
pp(Ar) =p.

3 Proofs of main results

Proof of Theorem 1.1. First case: When p = 1, let f (# 0) be a meromorphic solution of
equation (1.2). Suppose that p(f) < p + 1. Then by Lemma 2.4 (i), for any given € (0 <
e<p+1—p(f)—29), there exists a set E3 C (0,+o0) with finite logarithmic measure
such that for all |z| =r ¢ E3U[0, 1], we have

ifféi,i <exp{rP N1 <exp{rPPY, (j=1 ki jAD) G
and
’f(f(j)q) <exp{rP)71He} <exp{r 7}, (3.2)
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We divide through equation (1.2) by f(z+¢;) to get

_ flz+a) flz4c1)
_AI(Z) *Ak(Z)m"‘ +A171( ) f(z—l—cl)
flz+er) f(2)
+...+A1(z)m +Ao(z)f(z+q) (3.3)
Rewrite equation (3.3) in the form
v At | A ()
= ]:1;;"751 A[(Z)f(Z+C]) +Al(Z)f(Z+C1)’
it follows that . o f | o |
Aj(z) flz+c Ao(z)  flz
lgj:u# Al(z) fz+a) ’Az(z) flz+a)| 3.4

From the conditions of Theorem 1.1, there is a set H of complex numbers satisfying
logdens{|z| : z€ H} > 0 such that for z € H, we have (1.3) and (1.4) as |z| — +oo. Set
Hy={r=z|:z€ H}, since logdens{|z| : z€ H} >0, then H, is a set of r with [ L = oo,
Substituting (1.3), (1.4) (when p = 1), (3.1) and (3.2) into (3.4), we get for z € H;
(EsU[0,1])

p—0
< gelBr)

p—28\ _ - p—0 p—20 oo
exp{ar”*‘s}eXp{r t=exp{(B—a)rP°+r }—=0,r—+

which is a contradiction. Hence, we get p(f) > p + 1. By Lemma 2.10, we know that
p(A;) =p. So, p(f) = p(A;)) + 1.

Second case: For p > 2, let f (# 0) be a meromorphic solution of equation (1.2). Suppose
that p,(f) < p. Then by Lemma 2.4 (ii), for any given £ (0 < € < p — p,(f) —28), there
exists a set E3 C (0, +o0) with finite logarithmic measure such that for all |z| = r ¢ E3U[0, 1],
we have

’f(HCf) <exp, (P} <exp (PP}, (j=1, k£ (35

flz+a)

and
< expp{rpl’(f)“} < expp{rpfz‘s}. (3.6)

‘ f(2)
flz+a)
Substituting (1.3), (1.4), (3.5) and (3.6) into (3.4), we get for z € H; \ (E3 U0, 1])

exp,{Br’~°}

1<k
- expp{arp—5}

exp, P29 50, r — +oo
Pp{ ;
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which is a contradiction. Hence, we get p,(f) > p. By Lemma 2.10, we know that p,,(A;) =
p- So, pp(f) = pp(A).

Proof of Theorem 1.2

First case: When p = 1, let f (# 0) be a meromorphic solution of equation (1.2). Suppose
that

p(f)<p+1.
Since Ay(z), - -+ ,Ax(z) are entire functions, then by (3.3), we have

k
m(r,A(z)) =T (rA(z)) < Z
: fz+¢)) L @)
Y Z’#zm (r’f(Z+CI))+m( f(Z+Cz)>+0(1)

- e 3 (D (SO
_j:%;élT(nAJ(Z))—i_j:l,j;élm <r, Flete) +m|r et e +0(1). 3.7
By Lemma 2.9 (i) and (3.7), we obtain for any given € (0 < e < p+1—p(f)—29)

. :OZ ))Jrj:lz,;#l (’f(HCl))
m r& S rA; rp(f)—1+e
! (’f(z+c,)>+0<1>§j_§#lT( Aj(2)+0( ) (3.8)

Substituting (1.5) and (1.6) (when p = 1) into (3.8), we get for |z| =r — +o, 7€ H
(@ —kB) rP~° < O(rP)-1Te),
By o — kB > 0, it follows that
1<O(1)PV=1He=PH0 0 p 5 4o

which is a contradiction. Hence we get p(f) > p+ 1. By Lemma 2.10, we know that
p(A1) =p.So, p(f) = p(A)+1.

Second case: For p > 2, let f (# 0) be a meromorphic solution of equation (1.2). Suppose
that p,(f) < p. By Lemma 2.9 (ii) and (3.7), we obtain for any given £(0 < &€ < p —

pp(f)—29)

T(rA(z Z
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k
+ Y exp, (P} fexp,  {rPPDFE) L o(1). (3.9
J=1j#l

Substituting (1.5) and (1.6) (when p = 2) into (3.9), we get for |z| =r — +o0, z € H

k k
eprfl{arp*‘s}S Z exppil{ﬁrP*(S}_i_ Z Cpr,l{l’pp(f)+£}
J=0,j# Jj=1,j#

—|—expp71{rp1’(f)+8} +0(1) < kexppfl{ﬁrp_‘s} —i—kexpp,l{rpl’(f)%} +0(1). (3.10)
By (3.10), we obtain
(a—B)rP=8 <rPre L 0(1).
By o — B > 0, it follows that

U opreprs 1

Sa-p (a—p)red

O(1) =0, r — +oo

which is a contradiction. By Lemma 2.10, we know that p,(4;) = p. Hence, we get
pp(f) > pp(A;). Thus, Theorem 1.2 is proved.

Proof of Theorem 1.3. Let f (# 0) be a meromorphic solution of (1.2). By equation (3.7)
and Lemma 2.6, we obtain

) - k f(z+¢))
T(r,Ai(z)) = m(r,A(z Z j:lz' ( ’f(z+cz)>

j=0,j

f(z) .
+m(nf@+cﬂ)+ou>g Y T(r4,)

=0,

Py 0<wv+wfﬂﬂ+wmnfﬁ>

S
Jj=1j# r

+0<(T(r+2\cz|,f))l+e>+0(1)S 5 T(Mj(z))ﬂ<<T<r+z|c,|,f>>‘+e

ro J=0,j#1 ro
(3 11)
for all r outside of a possible exceptional set E5 with finite logarithmic measure f Es < oo,

Let B1, B> be two real numbers such that

max{7,1(A;) : Pp+1(A;) = Ppr1(A1)} < Br < B2 < Tps1(Ar).
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Then by Lemma 2.7, we know that there exists a set Eg of infinite logarithmic measure,
such that

T(rA;) > eXPp{ﬁzrp”“(A’)}
holds for all r € Eg. Therefore we can take a sequence {r,} such that r, € Eg, r,, — oo, and
T(rn A1) > exp, {Bori '™}, (3.12)

On the other hand, if b = max{p,+1(4;): j=0,---,k, j # I} < pp+1(A;), then for any
given € (0 < &€ < p+1(A;) — b) and sufficiently large r,, we have

T(ri,A7) < expy (€} < exp, (i}, (3.13)
If max{7y4+1(A;): Pp+1(Aj) = pp+1(A1)} < Tp+1(A;), then for sufficiently large r,,, we have
T(rnAj) < exp, {Birkr 1. (3.14)

Then substituting (3.12), (3.13) or (3.14) into (3.11), we get for r, € E¢\ Es

7o

n

I+e€
exp, {Borl MY < T(r, A1) < kexp {Birl Y 0 <(T(r"+2|cl|’f)) ) . (3.15)
Then by (3.15), we get

(1—0(1))exp {ﬁ2r5P+l(Al)}<0((T(rn+2|Cl|7f))1+£>'

70

n
Hence,
pp(f)=co and ppy1(f) > ppr1(Ar).
Proof of Theorem 1.4. (i) First we consider the case

Pp+1(F) <ppr1(Ar) or  ppi1(F) = ppr1(Ar), Tp1(F) < Tpr1(Ar).

Let f be a meromorphic solution of (1.7). We divide equation (1.7) by f(z+¢;) to get

; M f(2) _ F(2)
J=1,j# ) flz+er) +40(2) . (3.16)

flz+e)  flz+a)

It follows from (3.16), Remark 2.1 and Lemma 2.6 that for any given € > 0 and sufficiently
large r, we have

k
T(r,Ai(z)) =m(r,A/(z)) <m <r, f(j(_i)q)> + ;;#m(r,Aj(Z))
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4 flz+c)) f(@)
+_Z m<r,f(z+q)>+m<r,f(z+61)>+0(1)§T(r,F(Z))

k ’ ¢ 1+¢
+T(r,f(z4¢))+ Z m(r,Aj(z))+o<(T( +2leil, /) )

i
=01
k
<T(rF(2)+(1+o(0)T(r+|al,f(z)+ Z T(rA;(2))
J=0,j#l

I+¢&

k 1+e

T(r+2|c,

+ Y T(rAj()+2T(r+lcl f(z)+o (T(r+2] 51‘ ) (3.17)
j=0,j# r

for r — oo, r ¢ Es, where Es is a set of finite logarithmic measure. Let 31, B, be two real

numbers such that

max{Ty+1(A;), Tp+1(F) : Pp+1(A;) = Pp+1(A))} <P < o < Tpr1(A)).

Then by Lemma 2.7, we can take a sequence {r,} such that r,, € Eg, r,, — oo, and equations
(3.12)—(3.14) also hold for sufficiently large r,. On the other hand, for sufficiently large r,
we have

T(ra, F) < exp,{Biri ). (3.18)

Substituting equations (3.12), (3.13) (or (3.14)) and (3.18) into (3.17), we get for r, €
E¢\Es

A

exp, (B MY < T(ryA)) < (k+ 1) exp, (Bt " Y +3(T(2r, £)2. (3.19)

Hence, by equation (3.19), we get

pp(f)=co and ppi1(f) > ppr1(Ar).

ii) Next we consider the case p,.1(F) > p,+1(A;). Let f be a meromorphic solution of
Pp Pp p
(1.7). By Remark 2.1 and Lemma 2.6 that for any given € > 0 and sufficiently large r, we

have
k k

T(rF(2) <Y T(rnA;(2)+ Y. T(rf(z+¢)+T(rf(z))+0(1)

=0 j=1
k

< ;)T(r,Aj(Z))-i-(l—|—0(1))kT(r,f(z-|-]cs‘))+T(r’f(Z))+0(l)
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k
< ;)T(r,A.,-(z))+(2k+ 1)T(2r, f(2)) +O(1), |cs| = gj_\gk{\cj}}. (3.20)

By the definition of iterated p 4+ 1—order, we know that there exists a sequence {r,} such
that r,, — +oco, and for any given € (0 < 2¢& < pp41(F) — pp+1(A;)), we have

T(ra F) > exp,{rir "¢} (3.21)

and
T(ri,Ay) < expy{r) €} < exp, {7 (=0, ), (3.22)

where b = max{p,+1(A;): j=0,---,k, j # 1} < ppt1(A;). Substituting (3.21) and (3.22)
into (3.20), we get

exp, {2 Y < (k1) exp, (Y £ 2k 1) T(28 £(2)).

Hence,
pp(f)=co and Ppii(f) = ppi1(F).

4 Examples

Next we give an example that illustrates Theorem 1.1.

Exemple 4.1. We consider the meromorphic function
flz)= e tanz.

Then f satisfies the difference equation

A(2)f(z+2m)+A1(2) f(z+7) +Ap(2) f(z) =0, 4.1)
where
Ax(z) = 2exp{2mz+37%}, A1(z) = —1, Ao(z) = —exp{—2mz — °}.
We have
p(A2) =p(Ao) =1, p(A)=0
and
I'=max {p(4)} =p=1.
We choose

H={zeC:z=re" re[l,+], gegg}

INES
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a complex set satisfying logdens{r = |z| :z€ H} > 0, we get for 6 (0 < & < p = 1) suffi-
ciently small

|A2(z)| = [2exp{2nz+37°}| = 2exp{27rcos 6 4+ 3%}

> 2exp{mr+4n*} > exp{nr' %},
41(2) =1 < exp{r'~°}

and
|Ao(z)| = | — exp{—27z — ?}| = exp{—27rcos 0 — n*}

<exp{—mr— 7r2} < exp{rl_‘s}

as 7 — oo for z € H. As we see, conditions of Theorem 1.1 are verified with ¢ = 7 and
B =1. We get
2=p(f) > p(As) +1=2.

Next we give an example that illustrates Theorem 1.3.

Exemple 4.2. Consider the difference equation

(z+2im)exp{—sin(z+2im)} f(z+2im)

-2 (z—i—ig) exp {2isinh2z— sin (Z—i—i%) }f <Z+l§>
+zexp{—sinz} f(z) =0. (4.2)

In this equation we have

Ay (z) = (z+2im)exp{—sin(z+2im)},

” T
Ai(x) = 2 (z—l— ia) exp {Zisinhzz _sin (Z+ ii) } ,
Ao(z) = zexp{—sinz}.

We obtain

p(Az) = ( 1) =p(Ag) =,
p2(A2) = p2(A1) = p2(Ao) = 1,
7(A2) =1, Tz(Al) 2, m(Ap)=1.
As we see, conditions of Theorem 1.3 are verified

I =max{pz(4;) : j=0,2} < p2(Ar) =1,

I =max{%(A4)) : p2(A;) = p2(A1)} < ©2(A1) =2.
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The meromorphic function

_exp{sin2iz+sinz}
z

f(z)

is solution of equation (4.2) and f satisfies

p(f)=e and 1=p,(f)=p2(Ar)=1.

Next, we give an example that illustrates Theorem 1.4.

Exemple 4.3. Case (i). Consider the difference equation
(z+42im)exp{—sin(z+2im)} f(z+2im)
—(z+im)exp{—sin(z+in)} f (z+im)
+zexp{—sin2iz} f(z) = exp{sinz}.
In this equation, we have
Ay (z) = (z+2im)exp{—sin(z+2im)},
Ai(z) = —(z+im)exp{—sin(z+in)},

Ao(z) = zexp{—sin2iz}, F(z) = exp{sinz}.

We obtain
p(42) = p(A1) = p(Ag) = p(F) ==,
P2(A2) = p2(A1) = p2(Ao) = p2(F) =1,
Tz(Ag) = l, Tz(Al) = Tz(A()) = 2, T2(F) =1.

L,
It clear that the conditions of Theorem 1.4 (i) are satisfied
I =max{p2(A;): j=1,2} < p2(Ao) =1,
I =max{n:(4;) : p2(A;) = p2(A0)} < T2(Ao) =2,
p2(F) = p2(Ap) = 1 and 1»(F) = 1 < 12(Ao) = 2. The meromorphic function

_exp{sin2iz+sinz}
z

f(z)

is solution of equation (4.3) and f satisfies

p(f)=e and 1=ps(f) = p2(A0) =1.

93
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Case (ii). We consider the meromorphic function

()= 22z,
Then f satisfies the difference equation
Az (2) f(z+27) +A1(2) f(z+ 7) +A0(2) f(2) = F(2), (4.4)
where _ .
As(2) = (z+27)exp { SH\I[\Z/E} L AL(2) = (24 ) exp { sm\;;/?}
Ao(z) = —zexp { Sir\‘[f} L F(2) = exp {— sinz + Smjzﬁ } .
We have

p(A2) = p(A1) = p(Ao) = p(F) = o=,
p2(F) =1, pa(A2) = p2(A1) = p2(Ao) = 1/2,
’L'z(Az) = Tz(A()) = 1, Tz(A]) =3.

It clear that the conditions of Theorem 1.4 (ii) are satisfied

1/2 = max{pa(4;) : j = 0,2} < pa(A1) = 1/2,

1 =max{n:(4;) : p2(4;) = p2(A1)} <3
and 1 = p»(F) > p2(A;) = 1/2. We see that

p(f)=co and 1=pa(f) = pa(F) = 1.
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