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Sombor Index of Kragujevac Trees

Ivan Gutman, Veerabhadrappa R. Kulli, Izudin RedZepovic

Abstract: The paper is concerned with the Sombor ind8&) of Kragujevac treesKg). A
slightly more general definition dkg is offered. SOis a recently introduced degree-based
topological index. A general combinatorial expression3&Kg) is established. The species
with minimum and maximun®QKg)-values are determined.
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1 Introduction

In this paper we use the following (standard) graph-themaknhotation and terminology.
Let G be a simple graph, with vertex 9¢{G) and edge sdt(G). Then|V(G)| and|E(G)|
are the number of vertices and edge<0ofBy uv € E(G) we denote the edge &, con-
necting the verticea andv. The degree (= number of first neighbors) of a vedexV (G)
is denoted byd(u). For other graph-theoretical notions, the readers arereefdo text-
books [4, 15, 23].

In the mathematical and chemical literature, some fifty orevthfferent vertex-degree-
based graph invariants have been defined and examined. dé&st sluch invariant, con-
ceived as early as in the 1970s, is fhist Zagreb indexZg [13]. One of the newest such
invariant is theSombor indexSO [11, 12]. They are defined as

Zg=29(G) = Y d(u? (1.1)
ueV(G)

SO=sQG) = Y y/du2+d(v)?2. (1.2)
uvekE(G)

Recently the Sombor index attracted much attention and rumseof its mathematical
properties have already been established (see, for irstfh@,9,16,17,20]). For chemical
applications ofSOsee [2, 21].
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In this paper we are concerned with a class of trees, c#lladujevac treesdefined
below. Kragujevac trees emerged within the study of the dtorrd-connectivity ABC)
index. It was conjectured that the graph with minidBC-index is a Kragujevac tree
[14]. Later it was found that the conjecture is violated foaghs with larger number of
vertices [8]. For more details on this matter see the recemiey [1] and the references
cited therein. Nevertheless, Kragujevac trees were studieumerous papers (see, for
instance, [3,5,10,18,19, 22]). In the present article weigoour attention to the Sombor
index of Kragujevac trees.

2 Preliminaries

Definition 2.1. Let n be a positive integer. For¥k 0,1,...,n, we denote by Bthe rooted
tree with2k + 1 vertices, constructed by attaching k two-vertex brancbehé root.

In Fig. 1 a few examples are depicted, illustrating Defimit&1.

f—Jk\—\
BO B1 BZ BB Bk

Fig. 1. The rooted treeBy, B, By, Bz, andBy. Their roots are indicated by large dots.

Letk;,i=12,...,n, be non-negative integers, such that

O<k <kpy<-- <kn. (2.1)

Definition 2.2. Let the parametersikko, .. ., k, satisfy the condition (2.1). Then the Kragu-
jevac tree Kgky, ko, ..., kn) is the tree obtained from& By,, ...Bx, by connecting their

roots to a new vertex.

In Fig. 2 an example is depicted, illustrating Definition.2.2
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Fig. 2. The Kragujevac tre&g(0,0,2,4,4), for whichn =5 andK = 10. Note that there
exist 30 mutually non-isomorphic Kragujevac trees withgpaeteran =5 andK = 10.

In the original definition of Kragujevac trees [14], becaw$eheir expected relation
to the minimumABC graphs, it was required th&t > 2. Since we now know that such a
relation does not exist, in this paper we decided to use thibemnetically more appropriate
choice of parameters, Eq. (2.1).

According to Definition 2.2, the Kragujevac tree with paraengky, ko, ..., k, has

n
1+.Zl(2k‘+1):2K+n+1

vertices, where
n
k =K. (2.2)
2
Throughout this paper, bothandK are considered to have fixed values.

Directly from Definitions 2.1 and 2.2 we obtain:

Proposition 2.1. Let Kgki, kz,...,ky) be a Kragujevac tree. Then it has K vertices of
degree 1, K vertices of degree 2, a vertex of degreeXkfor each i=1,2,...,n, and a

vertex of degree n.

An edge connecting a vertex of degiieend a vertex of degrepwill be referred to as

an(i, j)-edge.

Proposition 2.2. Let Kgks, ko, ..., k,) be a Kragujevac tree. Then it has(,2)-edges, k

(ki +1,2)-edges for each+ 1,2,....n, and a(k; + 1,n)-edge for each+ 1,2,...,n.
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Applying Proposition 2.1 to Eq. (1.1) we arrive at:

Lemma 2.1. Let Kg= Kg(ky, ko, ..., ky) be the Kragujevac tree whose parameters satisfy

Egs. (2.1) and (2.2). Then

n
Zg(Kg) = K'12+K’22+.21(k‘ +1)24n?
i=

n
= 7TK+n(n+1)+ leq?. (2.3)
i=
In an analogous manner, from Proposition 2.2 and Eq. (1.2)btan:
Lemma 2.2. With the same notation as in Lemma 2.1,

SOKg) = K\/mfikm/(ka +1)2+22+_i\/(ki+1)2+n2

n

— \/§K+n(n+1)+zi|:ki \/ki2+2ki+5+\/ki2+2ki+n2+1]. (2.4)

3 Main Results

In this section we determine the Kragujevac trees that dremaal (minimal and maximal)
with respect to the Sombor index. In order to achieve this, goafirst need to do the same
for the first Zagreb index. We start with the following Lemma..3Its proof is based on

elementary arithmetic and will be skipped.

n
Lemma3.1.Letk,i=12,...,n, beintegers satisfying Egs. (2.1) and (2.2). Let$ k2.
i=1

(a) The sum S assumes its minimal value if and only if

{51}

More precisely, if K= p(modn), then k= |K/n| (n— p) times, whereas;k= [K/n| p
times.

(b) The sum S assumes its maximal value if and only if

ki=kp=---=ky_1=0 and k=K. (32)
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Lemma 3.2. Using the same notation as in Lemma 3.1,
K <S<K2.
Proof. From Lemma 3.1(b), it is evident that

max{ikiz} = K2,
We now show that
mm{i%}:K (3.3)

If p=0, then|K/n] = [K/n] = K/n, and relation (3.3) evidently holds.
Let p# 0 andK = gn+ p for some integerg andp < n. Then by Lemma 3.1(a),

o3} = oon 8] o8]0 5] es([5] 1) 5]

_ n{qn+p
n

J+p:nq+p:K.
O

Based on Lemma 3.1, using formula (2.3) and recalling treptdrametera andK are
assumed to be constant, we can straightforwardly deterthen&ragujevac trees extremal

with respect to the first Zagreb index.

Theorem 3.1. Let Kg= Kg(ky, kp, ..., kn) be the Kragujevac tree whose parameters satisfy
Egs. (2.1) and (2.2). Then Zigg) is minimal if and only if the condition (3.1) holds.
Zg(Kg) is maximal if and only if the condition (3.2) holds.

By Lemma 3.2, from Eqg. (2.3), we get:

Corollary 3.1. If Kgis a Kragujevac tree with parameters n and K, then

8K +n(n+1) < Zg(Kg) < 7K +K2+n(n+1).
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One should note that a results analogous to Theorem 3.1 wigsr eémmmunicated
in [5, 19], but for the special case wh&p> 2. Then the minimality condition would be

same as in Theorem 3.1, whereas the maximality conditions is
ki=ko=---=kn_1 and kn=K—(n—1)k; .
For such Kragujevac trees, instead of Corollary 3.1, we have
11K + K2 —4nK +5n° — 3n < Zg(Kg) < 7K+ K2 +n(n+1).

Bearing in mind formula (2.4), Lemmas 3.1 and 3.2 are ingefficfor finding the ex-
tremal values 06QKg). In order to achieve this goal, we need to use a differentcgmpr.

For any graphG, the Sombor index and the first Zagreb index are related ds [17

y4v(c)
V2

These inequalities indicate that the two indices shouldrneatly correlated. Indeed, in the

< SOG) < Zg(G).

case of trees (with a fixed number of vertices) this cormefatvas found to be remarkably

good, see Figs. 3 and 4, and Table 1.
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Fig. 3. Sombor indicesR0O of 10-vertex trees, plotted versus the respective firsretag
indices Zg), cf. Table 1.
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N a b R

10| 1.019£0.003 | —10.81+0.15 | 0.9994
11| 1.015£0.002 | —11.994+0.12 | 0.9993
12| 1.011+£0.002 | —13.13+0.09 | 0.9993
13| 1.008+£0.001 | —14.294+0.07 | 0.9992
14 | 1.005+£0.001 | —15.43+0.05 | 0.9991
15| 1.003£0.001 | —16.59+0.04 | 0.9990
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Table 1. The parameters of the regression li8®= aZg+ b for N-vertex trees;R =
correlation coefficient.
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Fig. 4. Sombor indices$0) of Kragujevac trees with parameters- 5 andK = 10, plotted
versus the respective first Zagreb indicg)( cf. caption of Fig. 2.

Bearing these numerical results in mind, we state the fatigweplica of Theorem 3.1:

Claim 3.1. Let Kg= Kg(ks,ko,...,ky) be the Kragujevac tree whose parameters satisfy

Egs. (2.1) and (2.2). Then 3$Kg) is minimal if and only if the condition (3.1) holds.

SQ(Kg) is maximal if and only if the condition (3.2) holds.

Assuming that Claim 3.1 is valid, we have the following résuparalleling Corollary

3.1:
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Corollary 3.2. If Kg is a Kragujevac tree with parameters n and K, then the imaxn

value of SQKQ) is

n(n+1)+ (N—1)v/M+ 1+ V5K + K /K2+ 2K + 5+ /K24 2K + 14 2.

The minimum value of S&g) depends on the parameter p, defined vise=k (modn).

For p = 0, this minimum value is

VBK +n(n+1)+n {E\/<};+1>2+4+\/<};+1>2+nz]

whereas for p> 0,

VBK+n(n+1)+ (n—p) {(Knp+l> \/(Knp+1>2+4+\/<Knp+1>2+n2]
+p (K—;p+2> \/<K—;'O+2>2+4+\/<K—;p+2>2+n2

Although Claim 3.1 could be viewed as a conjecture, therellshioe almost no doubt

in its correctness. It, nevertheless, remains a task folutioee to construct a formal proof

of this Claim.

4 Concluding Remarks

In this paper, a generalized definition of the Kragujevaediie offered, and a combinatorial
expression established for their Sombor indices, Eq. (Béfause of the perplexed form
of formula (2.4), the study of the minimum and maximum valoESQ(Kg) had to relay on
the existence of an excellent linear correlation betweerSttmbor and first Zagreb indices
(both for general trees and for Kragujevac trees, see Figad3!l). The extremal cases are
determined in Claim 3.1, whose rigorous mathematical preofains a challenge for the
future.

Extending the same argument, especially bearing in minchtimeerical results pre-

sented in Fig. 4, we could conjecture a stronger relation:
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Conjecture 4.1. Let Kg, and Kg, be two Kragujevac trees with equal n and K values. Then

Z9g(Kda) > Zg(Kgp) < SQAKga) > SAKgp).
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