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On Chua Dynamical System

Lj. M. Kocić, S. Gegovska-Zajkova, S. Kostadinova

Abstract: The famous Chua piecewise dynamical system (Chua circuit) has been slightly mod-
ified by introducing smoothed h-function. So, the C1 function is obtained instead of C0one.
Dynamics of such system is evidenced by numerical examination of the orbits in 3D phase
space, Fourier spectrum, leading Lyapunov exponent bifurcation diagrams and Poincaré maps.
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1 Introduction

According to available literature, the first chaotic emergence of a three-dimensional flow
was observed at Kyoto University by Yoshisuke Ueda in 1961. As latter being revealed, the
dynamical system being observed was forced Duffing-van der Pol oscillator. Many other
systems were also observed as chaotic although no reliable proofs have been offered. The
first chaotic system that was observed in the laboratory, confirmed by computer simulation
and rigorously mathematically proven was Chua’s “double scroll” dynamical system ([3],
[14], [15]). Originally created as an electric circuit, the Chua system (also called Chua
circuit) has the following three dimensional representation

dx
dt

= α (y−h(x)) ,

dy
dt

= x− y+ z, (1)

dz
dt

= −βy,

where, h is the piecewise-linear function

h(x) =


m1(x+1)−m0, x <−1,

m0x, −1 ≤ x ≤ 1,
m1(x−1)+m0, x > 1,

(2)
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and α and β are bifurcation parameters. The usual settings for the chaotic flow in the
system is α = 8.8, β = 15, m0 =−1/7, m1 = 2/7.

There is a slightly different model of Chua system

dx
dt

= α (y− x−h(x)) ,

dy
dt

= x− y+ z, (3)

dz
dt

= −βy− γz,

with the same nonlinear function h, given by (2) and with an extra parameter γ . Typical
values for slopes now are m0= – 8/7, and m1= – 5/7, while α and β may vary considerably.

After the first paper about the new dynamical system, called Chua circuit due the pro-
totype was made in the form of electronic circuit, was published (1984), the number of
publications steadily grows. Seven years after, the number of publications was roughly
about 60. Ten years after this number increases to about 100. After twenty years (2004)
the list of publications numbers 767 units. Such an interest is approved by high applicabil-
ity of Chua system in different domains such as pseudo-random generators, cryptography,
musical studies, biology etc. The system has capability of generating a surprisingly large
number of topologically distinct chaotic attractors, as it was shown in nicely illustrated book
[2] where near thousand attractors of Chua system was reported.

Many of these rich properties are consequence of the special geometry of the function
h . For ex., it satisfies the symmetry property h(–x) = –h(x), having m0 as the middle slope
and m1 as side slopes (Fig. 1, left). Futher, this function has two break points x = ±1
with continuity C0. Some time, it was an interesting issue to examine if these breakpoints
are essential for generating chaotic dynamics in the system or not. What will happen if the
original function h be smoothed to C1 continuity? Will the chaos persist? In [17], Leonid
Shilnikov has given an affirmative answer.

In this note, a special kind of smoothing of h is proposed and related systems are inves-
tigated on chaotic dynamics.

2 Smoothing h-function

The idea of replacing the piecewise linear h-function (2) by a smooth counterpart is not new.
The first choice was a cubic polynomial, like x 7→ x3/16−x/6 (see[1], [6], [7], [16], [19]).
Tang and Man [18] have used piecewise quadratic function of the type x 7→ x(a+b|x|)
with real parameters a < 0 and b > 0. Nice review of other different choices that include
sinus function, hyperbolic functions or piecewise linear function with many breakpoints can
be found in [2]. Such functions did not change qualitative behavior of chaotic dynamics of
the system. Finally, Shilnikov [17] came with explanation that characteristic function h
can be “any nonlinear function” of similar characteristics like cubic or “sigmoid” function

x 7→ exp(cx)−1
exp(cx)+1

.
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Fig. 1. Chua’s h-function (left) and its C1 approximation (right)

Our idea uses partial smoothing or replacement piecewise linear C0 function by C1

spline function that contains both linear and cubic parts. Such method was developed and
used by these authors in some recent papers ([4], [5], [8], [9], [10]). The splines sometimes
were produced as limit objects in subdivision procedures like Chaikin [10], (rational) de
Casteljau [4] or Dyn-Levin-Gregory [5]. The opposite idea of approximation of smooth
function by less smooth ones was also elaborated in [11], [12], [13]. Both processes have
justification. Increasing of smoothness introduce more sensitive system parameters that pro-
vide finer tuning of the system. In addition, such parameters allow having better insight into
the nature of chaos, its genesis and development. On the other hand, decreasing smooth-
ness makes the corresponding system more suitable to apply in practice, since the function
with piecewise transition characteristics is easier to model using electronic or mechanical
components than the smooth ones. In fact, the chaotic dynamical system described by (1),
(2) or (3) is dynamics of an electronic circuit invented by Leon Chua. The main component
of Chua’s circuit is a nonlinear resistor having electric characteristic described by function
h. (sometimes called Chua’s diode).

There are many different methods to get the function h smoothed. One of the sim-
plest is to replace the restriction of h over the neighborhood of the points x = –1 and x =
1 with some simple function, say by polynomials. The simplest neighborhoods are spher-
ical ε-neighborhoods, which means that these new functions must be defined over the in-
tervals [−1− ε, −1+ ε ], and [1− ε, 1+ ε ]. In order to continue h over these intervals
with smoothness C1, the new functions must satisfy four end conditions, two positions
h(−1 − ε), h(−1 + ε)and two derivatives h′(−1 − ε), h′(−1 + ε). Thus, the simplest
polynomial functions meeting these Hermite type interpolating conditions are cubic poly-
nomials, expressed in the most natural, Hermite cubic basis

φ0(τ) = (1− τ)2(1+2τ), φ1(τ) = τ(1− τ)2,

φ2(τ) = −τ2(1− τ), φ3(τ) = τ2(3−2τ).

Taking into account interpolating conditions, two cubic polynomials can be constructed
over this basis

p−1(t) = h(−1− ε)φ0(τ)+h′(−1− ε)φ1(τ)+ h′( −1+ ε)φ2(τ)+h( −1+ ε)φ3(τ),



56 Lj. M. Kocić, S. Gegovska-Zajkova, S. Kostadinova

Fig. 2. Attractor of dynamical system (6) with ε = 0., and the corresponding Fourier spectrum

where τ =
t +1+ ε

2ε
, for the left subinterval t ∈ [−1− ε , −1+ ε ], and

p1(t) = h(1− ε)φ0(τ)+h′(1− ε)φ1(τ)+ h′(1+ ε)φ2(τ)+h(1+ ε)φ3(τ)

where τ =
t −1+ ε

2ε
, for the right subintervalt ∈ [1− ε , 1+ ε].

So, the new, C1 function that approximates h is defined for all 0 ≤ ε ≤ 1 by

g(ε ,x) =


h(x), x ∈ (−∞,−1− ε)∪ [−1+ ε,1− ε)∪ [1+ ε ,+∞)

p−1(x), x ∈ [−1− ε,−1+ ε)
p1(x), x ∈ [1− ε ,1+ ε)

(4)

The graph of the function g(ε, ·) is given in Figure 1, right. It is easy to verify that
dg(ε, x)

dx
is continuous over the real line. The modified Chua’s dynamical system that we propose for
further investigation is thou

dx
dt

= α (y− x−g(ε, x)) ,

dy
dt

= x− y+ z, 0 ≤ ε ≤ 1 (5)

dz
dt

= −βy− γz,

Note that for ε = 0, g(ε , ·)≡ h( ·), and (5) becomes equivalent to (3). For ε = 1, two cubic
segments meet in the origin with C1-continuity.
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Fig. 3. Attractor of dynamical system (6) with ε = 0.5, and the corresponding Fourier spectrum

3 Numerical experiments

Example 1. In this example, the attractor in the state space (x, ẋ, ẍ) will be constructed as
an approximate solution of the system

dx
dt

= −6.69191(y− x−g(ε , x)) ,

dy
dt

= x− y+ z, (6)

dz
dt

= 1.52061y,

where g(ε , x) is given by (4). This system is of type (3), with γ = 0. The slopes are set to the
prescribed values m0= – 8/7 and m1= – 5/7. The initial values are chosen such that{x0, y0,
z0} = {–1.4, –0.3, 1.1}; The chaos is evident over all the range of ε ∈ [0, 1], Figs 2 - 4 (left).
There are no major differences in the attractors themselves, only the transient trajectories
differ noticeably. As expected, the spectra, obtained by Fourier discrete transform reveal
more uncommon details (Figs 2 - 4, right). The corresponding Poincaré maps exhibit typical
dense set property, characteristic for a chaotic process.

Example 2. Now, the slope values are kept the same m0= – 8/7 and m1= – 5/7, while
the initial values are {x0, y0, z0} = {0.1, 0.1, 0.6}; The system is of generalized type (5),
with α = 15.6, β = 27, which means

dx
dt

= 15.6(y− x−g(ε, x)) ,

dy
dt

= x− y+ z, (7)

dz
dt

= −27y+0.01z.
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Fig. 4. Attractor of dynamical system (6) with ε = 1, and the corresponding Fourier spectrum

Fig. 5. ”Double scroll” attractor for system (7) for various ε;

The attractors are displayed in Figure 5, for three different values of ε . The familiar
shape of the “double scroll” alters considerably, indicating that the system may not be
sensitive for some choice of system parameters, but for some other it exhibits much more
sensibility.

The corresponding Poincaré maps in this case also conform chaotic behavior of the
system.

4 Further investigations

The interest in Chua’s dynamical system and its circuit permanently grows. Experts keep
finding new applications in different domains. Chua’s circuit is interesting also for the math-
ematical theory of strange attractors and chaos alone. It exhibits a number of distinct routes
to chaos (through e period-doubling scenario, through the breakdown of an invariant torus,
etc). The “double scroll” attractor has multi-structural geometry and is more complicated
object than any similar attractor of 3D flow, known from literature.
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The direction of research anticipated in this note should be deepening by using general-
ized function g(ε, x). It can be done in many ways, for ex. by introducing non-symmetric
ε-neighborhoods of C0 points, or by introducing higher polynomial degrees or rational
functions. Also, the impact of smoothing should be observed on other elements of chaotic
dynamics like structurally unstable Poincare homoclinic orbits.
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