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On spectral properties of weighted shift operators
generated by linear mappings

A. Antonevich, A. Akhmatova

Abstract: Weighted shift operators B in the space Lo(C™) generated by a linear
mapping A : C™ — C™ are considered. A description of properties of B — AI for A
belonging to spectrum X(B) is given. In particular, a necessary and sufficient condition
for B — AI to be one-sided invertible is obtained.

Keywords: weighted shift operators, spectrum, one-sided invertibility, invariant mea-
sure, decomposition of oriented graph.

1 Introduction

Let A be a nonsingular linear map in C™. In the space Ly(C™) = Ly(R?™) let us
consider weighted shift operators induced by this map, i.e., the operators determined
by the expression

Bu(z) = ao(z)u(Ax), (1)

where ag is a given continuous bounded function.

In more general situation a bounded linear operator B in a Banach space F/(X) of
functions on a set X is called weighted shift operator (WSO) if it can by represented
in the form

Bu(z) = ap(z)u(a(z)), =€ X, (2)

where o : X — X is a given map and ag(x) is a given function on X.

The operators of the form (2), as well as the operator algebras generated by
them and related functional equations in different function spaces were studied by
a number of authors and have various applications to the theory of dynamical sys-
tems, integro-functional, functional-differential, functional and difference equations,
nonlocal boundary value problems and in other areas.
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The properties of WSO depend first of all on the dynamics of the map «;, i.e.
on the behavior of trajectories of points under the action of iterations of this map.
Recall that the trajectory of the point xg is the sequence

zj = aj(z0), jE€ZL, oj(x)=ala-1(r))

One of the main problems is to explain the relationship between the dynamics of «
and spectral properties of corresponding WSO.

A description of the spectra ¥ (B) give us the invertibility conditions for the
operator B — AI. Apart of the invertibility conditions, some subtle properties of the
operator B — Al are of a considerable interest such as the closedness of the range,
one-sided invertibility, Fredholm and semi-Fredholm property.

In general situation the relationship between the dynamics of « and the subtle
spectral properties of WSO is not investigated yet. Earlier such properties were
studied only for some special classes of maps a with simple dynamics [1-5]. In the
present paper we give a description of the subtle spectral properties for operators

(1).
2 Spectrum of weighted shift operator

The problem of describing the spectrum of a weighted shift operator (2) in the
case of invertible mapping « in classical spaces is fundamentally solved in sufficient
generality.

For the spaces F(X) = Lo(X, pt) the description of the spectrum look as follows.
Let the map « preserves the class of the measure u (i.e., if for a measurable set
E equality u(a~'(E)) = 0 holds if and only if u(E) = 0). Then there exists
a normalizing function p, such that an auxiliary operator of the form T,u(z) =
o(x)u(a(r)) is unitary. If X is C™ = R*™ and « is a diffeomorphism, then o(z) =
| Jo()|*/?, where J, is the Jacobian of a.

It is more convenient represent the operator in the form of B = aT,, since the
properties of the operator B are more simply expressed using the reduced coefficient

a(w) = o(x) La(x).

For a given map « : X — X a topological space X is called a-connected if cannot
be decomposed into two nonempty closed subsets invariant with respect to a. Every
connected space is a-connected, but a-connected space may be disconnected.

Theorem 2.1 Let X be a compact space, i — a measure on X, whose support
cotncides with the whole space, a: X — X — invertible continuous map, preserving
the class of measure p, a € C(X) and B = aT, . In the space La(X, p) for the
spectral radius R(B) holds

R(B) = Jeme Su(a), (3)



On spectral properties of weighted shift operators generated by linear mappings 19

where a is the reduced coefficient, My (X) is the set of probability measures on X,
tnvariant and ergodic with respect to the map o and

5,(a) = expl /X In [a(z)|dv] (4)

is geometric mean of a with respect to measure v.
If a(z) # 0, the set of nonperiodic points of the map « is everywhere dense in
X and the space X is a-irreducible, then the spectrum X(B) coincides with the ring

K={\eC:r(B)<|\<R(B)}, (5)

where

B) = in S,(a).
r(B) = min S.(a)

As regards the history and development of these investigations see [6, 7].

3 Compactification of C™

We cannot directly apply Theorem 2.1 to operator (1), since the space C™ is not
compact, but the study can be reduced to the case of a compact space by using the
compactification of the space C™.

We will consider the compactification of the space C" by the sphere at infinity.
This compactification arises most clearly by the following construction. The map
T — mx is a homeomorphism between the space C™ and the open unit ball in
C™. The closed unit ball is a compact set in which the open unit ball (homeomorphic
to the space C™) is a dense subset.

Formally, this compactification is constructed as follows. On the set
X = @m _ (CmHSgom—l

we introduced a topology. The neighborhood basis of a point x € C™ consists of
the balls with the center at that point, the neighborhood basis of a point & € 71
consists of sets

W(ers ) = {a € "« ol > R, |l — 6ol < 8} K € 5277+ €~ ol < ),
where R > 0,0 > 0. It is easy to check that this topological space is homeomorphic
to the closed unit ball and it is a compactification of the space C™, obtained by
adjoining the sphere at infinity S271.

For the described compactification X the algebra C'(X) is isomorphic to a func-
tional algebra Ca(C™) of continuous function on C™ such that for any ¢ € §2m~1
there exists the limit

lim a(t)

t—+00
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and the function

(o) = { a(z), xeCm, (6)

limy_ oo a(te), x € STL
is continuous on X.

Lemma 3.1 The algebra Coo (C™) is invariant with respect to a nonsingular linear
map A and there exists a continuous prolongation o of A on X, acting by the formula

Az, xeCm™
o) = { ”TIIHA.’E, resmt (7)

In the case of a linear map a(z) = Az we have J, = det A, normalizing function
o(z) = | det A|'/? does not depend on x, the operator T}, acts by the formula

Tou(z) = |det A|Y?u(Az)

and the reduced coefficient is
1

V| det A|

Below, we assume that the operator (1) is written in the form B = a7, and a €
C(X). Now theorem 2.1 can by applied to operator B.

a(r) = ao(). (8)

4 Description of M (X, «)

In order to apply theorem 2.1 to operator B, we give a description of the set M (X, «)
obtained in [8].

Denote by ¢ the number of different moduli of eigenvalues of A and numerate
these moduli in the increasing order

0§T1<7’2<...<Tq.

For given k let L(k) be subspace in C™, generated by all eigenvectors corre-
sponding to eigenvalues with absolute value ri. The dimension of the subspace
L(k) denote d(k). The intersection S, = L(k) N S2™~! is a sphere of the dimension
2d(k) — 1, embedded in the sphere S?™~! where for different k, the spheres Sy are
disjoint. In this way, on the sphere S?™~! is chosen a finite collection of subsets,
which are spheres of smaller dimension, invariant with respect to the action of the
map «.

If r, = 1 we denote by Zko the compactification of the subspace L(kg) by infinite
sphere Sj,.
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Lemma 4.1 If rip # 1 for all k then

Mes(X,a) = H Mes(Sk, @) H{ég}
k

where dg is the measure concentrated at the point 0.
If ri, =1 then

Mes(X,a) = H Mes(Sk,a)HMes(zko,a).
k£ko

On the set S; and on Eko the mapping « acts as some unitary operator U (k)
and the problem is reduced to the description of the measures v on C%, invariant
and ergodic with respect to an unitary operator.

Let us consider a unitary operator U in a finite-dimensional space. Without a
loss in generality, we may assume that the space under consideration is C% and that
the operator is given by a diagonal matrix:

U = diag{wi,ws,...,wq}, where w; = e'2mhi hj € R. (9)

Consider the map
80(1") = (’$1|a|x2|""a’xd‘)' (10)

This map acts from C?% to R? and the image is the closed cone of positive vectors Ri.
Since obviously ¢(Uz) = o(z), the preimage of every point from Rt is a nonempty
close invariant set.

The preimage of a point & € Ri has the form

e () ={z e C?: || = &)

It is obvious that if & = 0, then x; = 0, and if & # 0, then xp = z1&, where
|2k = 1.

In this way, the points from ¢~1(¢) may be naturally parameterized by the
collection of numbers zj, with indices k, for which & # 0, and satisfying the condition
|2x| = 1. This means that the set ¢~ !(¢) is homeomorphic to the product of finitely
many circles, i.e., it is a torus, which we denote by T¢. The dimension of that torus
is equal to the number of nonzero coordinates of the vector £, and we denote that
dimension by d(&).

In particular, for interior points & of the set Ri all coordinates are nonzero
and the dimension of the torus T¢ is d; for boundary points corresponding tori
have dimension from 1 to d — 1. To the point 0 corresponds the degenerate torus
consisting of only one point.

Any torus T¢ is a group with respect to the operation of coordinate-wise multi-
plication and the identity element is (1,1,...,1). Every torus T¢ is invariant with
respect to the action of the operator U and the action of the map U on T is given as
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coordinate-wise multiplication by the vector w(§), formed by the numbers w; with
index j, for which &; # 0. Such a map of torus into itself is called standard shift of
torus.

Let us denote by H,) the closure in T¢ of the set {w(£)",n € Z}. Then H,)
is a closed subgroup of the torus T¢ and on H,,) there exists a uniquely determined
normalized Haar measure v.

Lemma 4.2 Under the action of the unitary operator U, given by (9), the space C?
stratifies by the map

p(@) = (lzal: 2, - - |2al)

into invariant tori Te, parameterized by the points & from the positive cone Ri.
For arbitrary measure v on C* invariant and ergodic with respect to U there

exist £ € ]Rff_ and x € T¢ such that v is supported on equivalence class [x] from the

quotient group T¢/H, ) and the geometric mean (4) can be written in the form

Sy(a) = e:cp[/ In|a(zx)|dve(2)).

H(w(§))

These lemmas give us a description of the set M (X, «).

5 Subtle spectral properties

If ri # 1 let us denote

R;:(a) B VEMIESE%).;;C,&) SV(G%
R, (a)= min  S,(a).

veEMes(Sk,a)
and
Rj (a) = |a(0)].
If rr, = 1 we denote

Rl (a) = max  Sy(a),
0 veMes(Lyg,a)

Ry (a) = min  S,(a).
veMes(Lyg,a)
The sets
k= {A: Ry () < Al < B (a)}

belong to the spectrum »(B) and are some closed rings (may be degenerated to
circles). The set

%(B) \ U Yk
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is an union of some open subrings. In this way we construct decomposition of X(B)
into a family of subrings. The study shows that the properties of the operator B—\I
are the same for A from a fixed subring, and may be different for A from different
subrings. Therefore, the problem consists of the description of properties of the
operator B — A for different subrings.

The answer depends on dynamics of o and the majority/minority relationships
between the numbers Rki(a) and |A|. A characteristic of the map « which was useful
in obtaining solutions of the problem in question turned out to be an oriented graph
Go(X) with the vertices Wy, describing the dynamics of the map.

If rp, # 1 for all k we put Wy =S, k=0,1,...,q

Ifry, =1weput Wy, = Spfork=1,...,ko—1,ko+1,...,q and put Wy, :Eko.

An oriented edge Wi, — Wj is included in the graph if and only if there exists a
point x € X such that its trajectory tends to W as n — 400 and tends to W}, as
n — —oo.

Lemma 5.1 Let ry # 1 for all k and k' is such a number that riy < 1 < rTprgq.
Then the graph Go(X) has the form

Wi—=We— ... =Wy =Wy = Wi — ... = W,
If there exists ko, such that ry, = 1, then the graph Go(X) has the form
Wi—=Wo— ... = Wiy = Wi — ... = W,

Using the coefficient a and number A one forms two subsets of the set of vertices
of the graph

Gt (a,\) = {Wy : R (a) > |A[}, (11)
G (a,\) = {Wy: R,:F(a) < ||}
It is clear that
G (a, )G (a,)) = 0.

We say that subsets G*(a, \) and G~ (a, \) give adecomposition of the graph, if the
condition

Go(X) =G (a, )| JG (a,))

holds. This condition is equivalent to the condition
Al # Sy(a) forall ve Mes(X,a).

The graph decomposition will be called oriented to the right (oriented to the left
) if any edge connecting the point Wi € G~ (a,\) to the point W; € GT(a, ), is
oriented from W}, to W; (is oriented from F; to Fy).

The main result of the paper is the following theorem.
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Theorem 5.2 Let A : C™ — C™ be nongenerated linear map, B be weighted shift
operator in the space La(C™) of the form (1), coefficient a € C(X), where X is the
compactification of the space C™ by the sphere at infinity, and let a(x) # 0 for all
z € X.

The operator B — X is invertible from the right (left) if and only if the subsets
Gt (a,\) and G~ (a,\) form a decomposition of the graph G, which is oriented to
the right (to the left).

The image of the operator B— I is closed if and only if this operator is one-sided
invertible.

An analogous Theorem was obtained in [5] for weighted shift operator, generated
by so-called Morse — Smale type mapping «. The proof of Theorem 5.2 is similar
the one from [5], but we have a mapping with more complicated dynamic and all
calculations are more complicated.
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