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Some fixed point theorems for o-@-contractive mappings in cone
2-metric spaces

V. H. Badshah, P. Bhagat, S. Shukla

Abstract: In this paper, we introduce the notion of ¢¢-admissible mappings in the setting of
cone 2-metric spaces over Banach algebras. Some existence and uniqueness results of the fixed
point of an o-@-contractive mapping in cone 2-metric spaces are proved. Some examples are
provided which illustrate the results proved herein.
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1 Introduction and Preliminaries

Let X be a nonempty setand d: X x X x X — R (the set of nonnegative real numbers) be
any function satisfying the following properties:

(1) d(x,y,z) = 0if at least two of x,y,z are equal;

(2) d(x,y,z) =d(p(x,y,z)) for all x,y,z € X, where p(x,y,z) denotes all the permutations
of x,y,z;

(3) d(x,y,2) <d(x,y,w)+d(x,w,z) +d(w,y,z) for all x,y,z,w € X.

Then d is called a 2-metric on X and the pair (X,d) is called a 2-metric space. Gihler
[10, 11, 12] first introduced the notion of 2-metric spaces as a generalization of ordinary
metric spaces. In the papers [10, 11, 12] Géhler studied several properties of such spaces.
On the other hand, Huang and Zhang [9] introduced the notion of cone metric spaces. They
used the ordered Banach spaces as a codomain of the metric defined on a nonempty set
and proved some basic versions of fixed point theorems for contractive mappings on such
spaces. Liu and Xu [6] defined the cone metric spaces over Banach algebras and proved
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the fixed point results for the contractive mappings with vector contractive constants. The
drawback of fixed point theorems in cone metric spaces in the sense of Huang and Zhang
[9] and the motivation for the work of Liu and Xu [6] can be found in [5, 17, 18, 19]. Singh
et al. [3] combined the concepts of cone metric and 2-metric, and introduced a new type of
spaces called cone 2-metric spaces. They also proved a fixed point result assuming that the
underlying cone is normal. Very recently, Wang et al. [15] improved the result of Singh et
al. [3] by introducing the cone 2-metric spaces over Banach algebra.

In 2003, Ran and Reurings [1] proved an analogue of Banach’s fixed point theorem in
partially ordered sets endowed with a metric. The results of Ran and Reurings [1] were
further investigated by Nieto and Rodriguez-Lopez. Samet et al. [2] introduced the study
of a new class of mappings called o-admissible mapping, on metric spaces and generalized
the results of Ran and Reurings [1] and Nieto and Rodriguez-Lopez. They established some
fixed point theorems for o-y-contractive type mappings. In this paper, we introduce the the
notion of o-admissible mappings in the setting of cone 2-metric spaces over Banach alge-
bra, and prove some fixed point results for a new class of mappings called o-¢-contractive
mapping. Our results generalize and extend the results of Samet et al. [2] in cone 2-metric
spaces. Therefore, we obtain the cone 2-metric versions of the results of Ran and Reur-
ings [1] and Nieto and Rodriguez-Lépez. Some examples are provided which confirm the
significance of our results.

First, we recall some definitions and properties which will be used throughout the paper.

Let A always be a real Banach algebra with a multiplicative unit e, that is, ex = xe = x
for all x € A. An element x € A is said to be invertible if there is an inverse element y € A
such that xy = yx = e. The inverse of x is denoted by x~! (see [16]).

The following proposition can be found, e.g., in [16].

Proposition 1.1. Let A be a Banach algebra with the unit e, and x € A . If the spectral
radius p(x) of x is less than 1, that is,

nHl/n

ST . nil/n
p() = lim /" = inf /" < 1

then e — x is invertible. Actually,

A subset P of A is called a cone if:
(1) P is nonempty closed and {0,e} C P;
(2) aP+ BP C P for all nonnegative real numbers o, 3;

(3) P2=PPCP;
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4) pPN(—P)={6}

where 0 and e are respectively the zero vector and unit of A.

Given a cone P C A, we define a partial ordering < in A with respect to P by x <y (or
equivalently y > x) if and only if y —x € P. We shall write x < y (or equivalently y > x) to
indicate that x < y but x # y, while x < y (or equivalently y > x) will stand for y — x € intP,
where intP denotes the interior of P.

The cone is called normal if there exists a number K > 0 such that for all x,y € P

x 2y = [l < Klyll.

The least number K satisfying the above inequality is called the normal constant of P. The
cone P is called solid if intP # 0.

In the following, we always assume that the cone P is solid cone in Banach algebra A
and = is partial ordering with respect to P.

Proposition 1.2 ([14]). Let P be a cone in a Banach algebra A, a € P and b,c € A are such
that b < ¢, then ab < ac.

Lemma 1.3 ([13, 20]). Let A be a Banach algebra with a solid cone P. Then:
(a) Ifa<Aawithace Pand 0 < A < 1,thena=6.
(b) If 6 2 u < cforeach 8 <c, thenu=20.

(c) If || xa|| = O as n — oo, then for any 0 < c, there exists ng € N such that, x, < c for all
n > ny.

Remark 1.4 ([14]). Ifp(x) < 1 then ||x"|| — 0 as n — oo.

Definition 1.5 ([3, 15]). Let X be a nonempty set. Suppose the mappingd : X x X x X — P
satisfies:

1. 6 <d(x,y,z) for all x,y,z € X, and d(x,y,z) = 0 if and only if at least two of x,y,z
are equal.

2. d(x,y,z) =d(p(x,y,2)) for all x,y,z € X, where p(x,y,z) denotes all the permutations
Ofx7y7 Z.

3. d(x,y,z) 2d(x,y,w) +d(x,w,z) +d(w,y,z) for all x,y,z,w € X.

Then d is called a cone 2-metric on X, and (X,d) will be called a cone 2-metric space over
Banach algebras A. Cone 2-metric space will be called normal, if the cone P is normal
cone.
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Example 1.6. Let X = [0,%0), A = C!([0,1],R) be the Banach algebra with pointwise
multiplication and the norm defined by ||x(t)|| = ||x(¢)||c + [|X'(¢)||co. Let P = {x(¢) €
C'([0,1],R): x(¢t) > 0 forall t € [0,1]}, then P is a solid (non-normal) cone in A. Define a
functiond: X x X x X — P by

_J ytyzta)e, ifxFyFz
d(x,y,z) = { 0, otherwise.

Then (X,d) is a cone 2-metric space over Banach algebras A.

Definition 1.7 ([3]). Let (X,d) be a cone 2-metric space with a solid cone P in Banach
algebra A. Let {x,} be a sequence in X and x € X. If for every ¢ € A with 6 < c (that is,
¢ € intP) there exists ng € N such that d(x,,x,a) < c for all a € X and for all n > ny, then
{xn} is said to be convergent and converges to x. We denote it by lim,_,ex, = X OF X, — X
asn— oo,

Remark 1.8. The limit of a convergent sequence in a cone 2-metric space with solid cone
is unique. For instance, if a sequence {x,} C X has two distinct limits say x,y € X, then for
every c € A with 6 < c there exists ng € X such that d(x,,x,a1) < c/3 and d(x,,y,a2) < ¢/3
forall ay,ar € X and for all n > ny. Therefore by Lemma 1.3 we have

c ¢ ¢
a’(x,y,a)jd(x,y,x,,)+d(x,xn,a)+d(xn,y,a)<<§+§+§:c

forall a € X and for all n > ny. Therefore, x =y, which completes the proof.
Definition 1.9 ([3]). Let (X,d) be a cone 2-metric space with a solid cone P in Banach
algebra A. Let {x,} be a sequence in X and x € X. If for every ¢ € A with 0 < c there exists

no € N such that d(x,,x,,a) < c for all a € X and for all n,m > ny, then {x,} is said to be
a Cauchy sequence.

Definition 1.10 ([3]). Ler (X,d) be a cone 2-metric space, if every Cauchy sequence is
convergent in X, then X is said to be a complete cone 2-metric space.

Definition 1.11 ([4]). Let P be a cone in Banach algebra A. A nondecreasing function
¢@: P — P is called a comparison function if it satisfies:

(i) 9(0)=06and 6 < @(x) <xforallxec P\{6}.
(ii) If x € intP then x — @(x) € intP.
(iii) lim,_. @"(x) = 0 forall x € P\ {6}.

Example 1.12. Let A = R? be the Banach algebra with Euclidian norm and multiplication
defined by (x1,x2) - (y1,y2) = (x1y1,%1y2 +x2y1). Let P = {(x,y) € R?: x,y > 0} be the cone
in A. Define a function ¢: P — P by @(a) = ka for all a € P, where k € (0,1). Then ¢ is a
comparison function.
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2 Main Results

We start this section by introducing the notations of a-admissible and a-@-contractive map-
pings.

Definition 2.1. Let A be a Banach algebra, P be a cone in A and X be a nonempty set. Let
T:X —>Xand o: X xX x X — P. We say that T is a-admissible if

xyeX, axya)r-evVacX = a(Tx,Ty,a) =eVacX.

Example 2.2. Let A = R? and for each (x1,x2) € A, ||(x1,x2)|| = |x1| + |x2|. The multipli-
cation in A is defined by (x1,x2) - (y1,y2) = (x1y1,X1y2 +x2y1). Then A is a Banach algebra
with unit e = (1,0). Let P = [0,0) x [0,00) be the cone in A. Let X = R? and define the
mappings T: X - X and a: X x X x X — P by

T (x1,x2) = (x3,sinxy) for all (x1,x) € X; and

2+ + i L+ raval = i) e 20
0 otherwise.

o((x1,x2), v1,¥2), (a1,a2)) = {

Then the mapping T is a-admissible.

Example 2.3. Let A = R? and for each (x1,x2) € A, ||(x1,x2)|| = |x1| + |x2|. The multipli-
cation in A is defined by (x1,x2) - (y1,y2) = (x1y1,X1y2 +x2y1). Then A is a Banach algebra
with unit e = (1,0). Let P = [0,00) X [0,00) be the cone in A. Let X = [0,00) X [0,00), r € N
and define the mappings T: X - X and oc: X X X x X — P by

Tx=x" forallx € X; and

<)21in1 ,az) if xi+y1>2a+1;

a(x,y,a) = (;'ryll,az) if ag+1>x14+y;1 >0

0 otherwise

where x = (x1,x2),y = (y1,¥2),a = (a1,a2) € X. Then the mapping T is ot-admissible.

Definition 2.4. Ler (X,d) be a cone 2-metric space over Banach algebras A and T : X — X
be a given mapping. We say that T is a Q-contractive mapping if there exists a comparison
Sfunction @ such that

d(Tx,Ty.a) = ¢(d(x,y.a)) forall x,ya€X (1)
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Definition 2.5. Let (X,d) be a cone 2-metric space over Banach algebras A and T : X — X
be a given mapping. We say that T is an o-@Q-contractive mapping if there exist a function
a: X XX xX — P and a comparison function ¢ such that

a(x,y,a)d(Tx,Ty,a) = ¢(d(x,y,a)) forall x,y,a€X (2)

Remark 2.6. If we define the function o.: X x X x X — P by o(x,y,a) = e forall x,y,a € X,
then it is easy to see that every Q-contractive mapping on a cone 2-metric space is an o.-Q-
contractive mapping.

Example 2.7. Let X = [0,0), A = C'([0,1],R) be the Banach algebra with point wise
multiplication and the norm defined by ||x(t)|| = ||x(¢)||e + [|X'(¢)||o. Let P = {x(¢) €
C'([0,1],R): x(t) > O forallt € [0,1]} be the solid cone in A. Define a mapping d: X x
X x X — Pbyd(x,y,z) = pé' forall x,y,z € X, where p = min{|x—y|, |y —z|,|z—x|}. Then
(X,d) is a cone 2-metric space over Banach algebras A. Define a mapping o.: X x X x X —
P by

[ 1, ifa>xy;andp =|x—y
(x,y,a) = { 0, otherwise.
Define a mapping T: X — X by Tx = 1 for all x € X. Then T is an a-@-contractive

mapping with @(9 (1)) = 1%;():) forall ¢ €P.

bl

Definition 2.8. Ler (X,d) be a cone 2-metric space over Banach algebras A and T : X — X
be a mapping. Then, T said to be continuous at point x € X, if for every sequence {x,} in
X we have Tx, — Tx as n — oo, whenever x,, — x as n — . T said to be continuous if it is
continuous at every point of X.

Next, we state an existence result of the fixed point of a continuous o-¢-contractive
mapping on cone 2-metric spaces.

Theorem 2.9. Let (X,d) be a complete cone 2-metric space over Banach algebras A and
T : X — X be an o-@-contractive mapping satisfying the following conditions:

(i) T is a-admissible;

(ii) there exists xo € X such that o(xo,T"x0,a) = e forallae X, r e N;
(iii) T is continuous.

Then T has a fixed point, that is, there exists x* € X such that Tx" = x*.

Proof. Let xo € X be such that a(xo,T"xg,a) = e foralla € X,r € N. Define a sequence
{x,} in X by
Xpr1=Tx, forallneN.



Some fixed point theorems for o-@-contractive mappings in cone 2-metric spaces 193

Therefore, o/(xo,x,,a) = e foralla € X,n € N. By a-admissibility of T we have a(Txy, Tx,,a) =
o(x1,xr4+1,a) = e for all a € X,n € N. By induction we obtain

0 (X, Xp4n,a) = eforalla e X,n e N. 3)

If x, = x4 for some n € N, then x* = x,, is a fixed point of 7. Assume that x, #*
Xp11 forall n € N.

Since T is an Q-@-contractive mapping, using (3) and Remark 1.2 we obtain: for all
acekX

d(xn,xn+1,a) = d(Txn—thVlva)
= 0(xXp—1,Xn,a)d(Txp—1,Txp,a)
= (P(d(xn—laxnaa))'

Using the properties of @, by induction we obtain that
d(xp,Xpt1,a) = @"(d(x0,x1,a)) foralln € Nya € X. 4)
For ¢ > 6, we can choose ng € N and § > 0 such that
c—@(c)+{ucA:|u||<d} CintP, ||¢"(d(x0,x1,a))| <
and ¢"(d(xo,x1,a)) < c—@(c) foralln > ng,a € X.
Therefore, by Lemma 1.3, (4) and the above inequality we obtain
d(xn,Xpt1,a) < c—@(c) 2 cforalln>ngy, a€X.

We shall show that the sequence {x,} is a Cauchy sequence. Then, for n > ny, using (3) we
have

d(Xp,Xn42,a) = d(Xn, X012, X011) +d (X, Xy 1,@) +d(Xn1 1, X012, @)
d(xp, Txyi1,Txy) +d(xn,Xnt1,a) +d(Txp, Txpy1,a)
= d(%n, Txps1, Tx) +d (X0, Xn41,@) + 0 (X0, Xn11,0)d (T X, TxXn 1, 0)
= @(d(xn, X1 1,%)) +d(Xn, Xy 1,a) + Q(d(Xn, Xp11,a))
< c=9(c)+o(c)

C.

Similarly, for n > ng using (3) we obtain
d(xp,xn13,a) = d(Xn, X013, %041) Fd (Xn, Xn11,a) +d(Xpt1,%043,a)
d(xp, Txyi2, Txp) +d(xn,Xnt1,a) +d(Txp, Txpi2,a)
d(xp, Txpi2,Txp) +d(Xn, Xnt1,a) + & (X, Xn12,0)d(Txp, Txpi2,a)
O(d(Xp,Xp12,%0)) +d (X, X g1, a) + Q(d(Xp, Xp42,0))
c—@(c)+9(c)

C.

A TA LA
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By induction, we obtain
d(xp,Xp1r,a) < cforall r € Nand n > ny. %)

Thus, {x,} is a Cauchy sequence in the cone 2-metric space. Since (X,d) is complete, there

exists x* € X such that x,, — x* as n — co. We shall show that x* is a fixed point of 7.
From the continuity of T, it follows that x,,1; = Tx,, — Tx* as n — co. In view of

Remark 1.8 we obtain x* = Tx*, that is, x* is a fixed point of T'. OJ

In the next theorem, we replace the continuity of 7 by another hypothesis which does
not depend on the nature of 7.

Theorem 2.10. Let (X,d) be a complete cone 2-metric space over Banach algebras A and
T : X — X be an a-@-contractive mapping such that the following conditions are satisfied:

(i) T is cc-admissible;

(ii) there exists xo € X such that a(xo,T"xg,a) = e foralla € X, r € N;

(iii) if {x,} is a sequence in X such that ot(x,,X,+1,a) = e foralln € N and x, — x € X as
n — oo, then o(x,,x,a) = e for all n € N.

Then T has a fixed point, that is, there exists x* € X such that Tx* = x*.

Proof. Following the arguments to those in the proof of Theorem 2.9, we obtain that {x, }
is a Cauchy sequence in X. By completeness of (X,d), there exists x* € X such that x,, — x*
as n — oo. On the other hand, from (3) and the hypothesis (iii), we have
o(xy,x",a) = e, forall acX,neN. (6)
Now, using (2), (6) and Proposition 1.2, we obtain
d(Tx*,x",a) < d(Tx",x",Tx,)+d(Tx",Txn,a)+d(Txy,xn,a)
= 0 X, X", X7 )d(Txy, Tx*, x°) + a(x,x" ,a)d (T x,, Tx",a)
+d(xn+1 ,X*,Cl)

= @(d (o, x",x7)) + @(d(xn,x",a)) + d(xXp1,x", a)

= @(d(xp,x",a))+d(xp1,x",a)
for all a € X. Suppose, ¢ € intP be given. Since x, — x* as n — oo, there exists ny € N such
that d(x,,x*,a) < ¢/2,d(xy+1,x*,a) < ¢/2 for all n > ng, a € X. So, by the properties of

the function ¢ we have ¢(d(x,,x*,a)) < ¢(c/2) < ¢/2 for all n > ng, a € X. Therefore, it
follows from the above inequality that

d(Tx",x",a) < g—l—% =c¢ forall n>ngy,aecX.

Using Lemma 1.3 we obtain d(7Tx*,x*,a) = 0 for all a € X, that is, Tx* = x*. Thus, x* is a
fixed point of 7. 0
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Example 2.11. Let X = {(x,0),(0,x): 0 < x < 1} and A = R? be the Banach algebra
with the norm ||(x1,x2)|| = |x1| + |x2| and the multiplication defined by (x1,x2)(y1,y2) =
(x1X2,%21 + yax1). Then e = (1,0) is the unit of A. Let P = {(x1,x2) € R?: x1,x, > 0}
be the cone in A. Define a mapping d : X x X x X — P by: d(oy,0p,03) = di(B1,B2)
for all oy, 00,03 € X, where By, € {a,00,03} are such that || — B2|| = min{||a; —
o|],||on — osll, ||z — o[} and

dl((x,O),(y,O)) = (%|x_y|7|x_y|)
di((0,x),(0,y)) = (b=l 3lx =)
dl((x70)7 (an)) =d, ((O,y), (x,O)) = (%x—i—y,x+ %y)) :

Then (X ,d) is a complete cone 2-metric space. For some a,b € Q such that a > %,b > %,
define the mapping T : X — X by

(Oa i) ) if-x € Q[O,l]; (%70) ) ifx € Q[O,l];

T(x0)= (%,0) , otherwise, 0,%) = (0, %) , otherwise

where Qo 11 = QN [0, 1]. Denote by Sy the set of all sequences in Qo ;) converging to 0,
that is, So = {{xn} : xn € Q)o,1),n € N,x, = 0 as n — oo}; and define oc: X x X x X — P by

Ol((xn,O), (ann)>(a17a2)) = a((07xn)7 (yn>0)> (a17a2)) =e,

Ot((xn,O), (yn70)7(a17a2)) = a((07xn)7 (07yn)7 ((11,(12)) =e,

where {x,},{yn} € So and for all (ay,a;) € X; and at(x,y,a) = 0 = (0,0) for all other values
of x,y,a € X. Then the mapping T is a a-@-contractive mapping with @(x1,x2) = k(x1,x2),
max{%, %} <k < 1. Note that, if we choose x, = ain forall n €N, then {x,} € Sy and
o ((a%,O) T (%,0) ,(a ,az)) = e for all (ay,ay) € X and r € N. Therefore, the condition
(ii) of Theorem 2.10 is satisfied. Now, it is easy to see that the mapping T is an a.-admissible
mapping and the condition (iii) of Theorem 2.10 is satisfied.

Thus, all the conditions of Theorem 2.10 are satisfied. Therefore, we can apply Theorem

2.10 to conclude the existence of fixed point of T. Indeed, the set of fixed points of T,

rin(r) ={ 0.0, ( 0) (0.5 ) }-

It is clear from the above example that the fixed point of the class of mappings con-
sidered in the previous theorem may not be unique. To assure the uniqueness of the fixed
point, we will consider the following hypothesis.

(H): For all x,y € X, there exists z € X such that t(x,z,a) = e and o(y,z,a) > e for all
acX.
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Theorem 2.12. Adding condition (H) to the hypotheses of Theorem 2.9 (resp. Theorem
2.10) we obtain uniqueness of the fixed point of T.

Proof. Suppose that x* and y* are two distinct fixed point of 7. From (H), there exists z € X
such that
o(x*,z,a) = e and a(y*,z,a) =e forall a€X.

The a-admissibility of 7 with the above inequality yields
o(T"x*,T"z,a) = a(x*,T"z,a) = e and a(T"y*, T"z,a) = a(y*,T"z,a) = e

for alla € X and n € N. Since T is an ¢-¢-contractive mapping using the above inequality
and Remark 1.2 we obtain

d(x*,T"z,a) = d(Tx*,T"z,a) =d(Tx*, TT" 'z,a)
a(x*, " 'z,a)d(Tx*, TT" 'z,a)

=
= @(d(x",T" 'z,a))

for all a € X. Repetition of the above process and the properties of ¢ give:
d(x*,T"z,a) < @"(d(x",z,a)) foralla € X,n € N.

Since lim, . ¢"(d(x*,z,a)) = 6, by Lemma 1.3, for every ¢ € intP there exists ny € N such
that d(x*,T"z,a) < ¢ for all a € X, n > ng. Therefore, T"z — x* as n — co. With a similar
process one can obtain 7"z — y* as n — oo, and so, by in view of Remark 1.8 we obtain
x* = y*. This contradiction proves the uniqueness of fixed point. O

The following corollary is a fixed point result for a ¢-contractive mapping on cone
2-metric spaces.

Corollary 2.13. Let (X,d) be a complete cone 2-metric space over Banach algebras A and
T : X — X be a @p-contractive mapping. Then T has a unique fixed point, that is, there exists
unique x* € X such that Tx* = x*.

Proof. Define the function a: X X X x X — P by a(x,y,a) = e for all x,y,a € X. Then,
it is easy to see that all the conditions of Theorem 2.12 are satisfied and we conclude the
existence of unique fixed point of 7. O

The following corollary is an improved version of the Ran and Reurings [1] fixed point
theorem in cone 2-metric spaces.

Corollary 2.14. Let (X,C) be a partial ordered set and there exists a cone 2-metric d such
that (X,d) is a complete cone 2-metric space over Banach algebras A. Let T : X — X be a
mapping such that the following conditions are satisfied:
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(i) there exists a cone comparison function @ such that
d(Tx,Ty,a) = ¢(d(x,y,a))
forall x,y,a € X withx C y;
(ii) T is nondecreasing, thatis, x Cy =—> TxC Ty forall x,y € X;
(iii) There exists xy € X such that xo = Txy;
(iv) T is continuous.
Then T has a fixed point, that is, there exists x* € X such that Tx* = x*.

Proof. Define the mapping ¢¢: X x X x X — P by

_f e, ifxCy;
a(x,y,a) _{ 0, otherwise

for all a € X. Then, the proof follows from Theorem 2.9. O

The following corollary is an improved version of the Nieto and Rodriguez-Loépez’s [7]
fixed point theorem in cone 2-metric spaces.

Corollary 2.15. Let (X,C) be a partial ordered set and there exists a cone 2-metric d such
that (X,d) is a complete cone 2-metric space over Banach algebras A. Let T : X — X be a
mapping such that the following conditions are satisfied:

(i) there exists a cone comparison function @ such that
d(Tx,Ty,a) < @(d(x,y,a))
forall x,y,a € X withx C y;
(ii) T is nondecreasing, thatis, x Cy =—> TxC Ty forall x,y € X;
(iii) There exists xy € X such that xo C Txop;

(iv) if {x,} is a sequence in X such that x,, C x| for all n and x,, — x € X as n — oo, then
xp C x foralln € N.

Then T has a fixed point, that is, there exists x* € X such that Tx* = x*.
Proof. Define the mapping &¢: X x X x X — P by

ifxCy;

o(x,y,a) = ©
4] = 0, otherwise

for all a € X. Then, the proof follows from Theorem 2.9. O
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